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10.1

GLOSSARY
Chromaticity coordinates. Tristimulus values normalized to sum to unity.
CIE. Commission Internationale de l’Éclairage or International Commission on Illumination.
Organization that develops standards for color and lighting.
Color-matching functions (CMFs). Tristimulus values of the equal-energy spectrum locus.
Color space transformation matrix. Multiply a vector of tristimulus values for one color space by
such a matrix to obtain tristimulus values in another color space.
Cone coordinates. Tristimulus values of a light with respect to the cone fundamentals.
Cone fundamentals. Estimates of the cone spectral sensitivities at the cornea. Equivalently, the
CMFs that would result if primaries that uniquely stimulated the three cones could be and were
used.
Linear model. Set of spectral functions that may be scaled and added to approximate other spectral functions. For example, the spectral power distributions of three monitor primaries are a linear
model for the set of lights that can be emitted by the monitor.
Metamers. Two physically different lights that match in appearance to an observer.
Photopic luminosity function. Measure of luminous efﬁciency as a function of wavelength under
photopic (i.e., rod-free) conditions.
Primary lights. Three independent lights (real or imaginary) to whose scaled mixture a test light is
matched (actually or hypothetically). They must be independent in the sense that no combination of
any two can match the third.
Standard observer. The standard observer is the hypothetical individual whose color-matching
behavior is represented by a particular set of CMFs.
Tristimulus values. The tristimulus values of a light are the intensities of the three primary lights
required to match it.
Visual angle. The angle subtended by an object in the external ﬁeld at the effective optical center of
the eye. Colorimetric data are typically speciﬁed for centrally ﬁxated 2° or 10° ﬁelds of view.
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10.2

INTRODUCTION

Scope
The goal of colorimetry is to incorporate properties of the human color vision system into the measurement and numerical specification of visible light. Thanks in part to the inherent simplicity of
the initial stages of visual coding, this branch of color science has been quite successful. We now
have effective quantitative representations that predict when two lights will appear identical to a
human observer and a good understanding of how these matches are related to the spectral sensitivities of the underlying cone photoreceptors. Although colorimetric representations do not directly
predict color sensation,1–3 they do provide the foundation for the scientific study of color appearance. Moreover, colorimetry can be applied successfully in practical applications. Foremost among
these is perhaps color reproduction.4–6
As an illustrative example, Fig. 1 shows an image processing chain. Light from an illuminant reflects
from a collection of surfaces. This light is recorded by a color camera and stored in digital form. The
digital image is processed by a computer and rendered on a color monitor. The reproduced image is
viewed by a human observer. The goal of the image processing is to render an image with the same
color appearance at each image location as the original. Although exact reproduction is not always
possible with this type of system, the concepts and formulas of colorimetry do provide a reasonable
solution.4,7 To develop this solution, we will need to consider how to represent the spectral properties
of light, the relation between these properties and color camera responses, the representation of the
restricted set of lights that may be produced with a color monitor, and the way in which the human
visual system encodes the spectral properties of light. We will treat each of these topics in this chapter,
with particular emphasis on the role played by the human visual system.

Reference Sources
A number of excellent references are available that provide detailed treatments of colorimetry
and its applications. Wyszecki and Stiles’ comprehensive book8 is an authoritative reference and

Monitor
Illuminant

Human
observer

Surface
Color camera

FIGURE 1 A typical image processing chain. Light reflects from a surface
or collection of surfaces. This light is recorded by a color camera and stored in
digital form. The digital image is processed by a computer and rendered on a
color monitor. The reproduced image is viewed by a human observer.
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provides numerous tables of standard colorimetric data. Smith and Pokorny9 provide a treatment
complementary to the one developed here. Several publications of the Commission Internationale
de l’Éclairage (International Commission on Illumination, commonly referred to as the CIE)
describe current international technical standards for colorimetric measurements and calculations.10
The most recent CIE proposal is for a set of physiologically relevant color-matching functions or
cone fundamentals based mainly on the results of human psychophysical measurements.11 Other
sources cover colorimetry’s mathematical foundations,12,13 its history,14–16 its applications,2,5,17,18
and its relation to neural mechanisms.19–21 Chapters 3, 5, 11, and 22 in this volume, and Chap. 37,
“Radiometry and Photometry for Vision Optics,” by Yoshi Ohno in Vol. II of this Handbook are
also relevant.

Chapter Overview
The rest of this chapter is organized into three main sections. Section 10.3, “Fundamentals of
Colorimetry,” reviews the empirical foundation of colorimetry and introduces basic colorimetric
methods. In this section, we adhere to notation and development that is now fairly standard in the
field.
Section 10.4, “Color Coordinate Systems,” discusses practicalities of using basic colorimetric ideas
and reviews standard coordinate systems for representing color data.
Desktop computers can easily handle all standard colorimetric calculations. In Sec. 10.5 we introduce vector and matrix representations of colorimetric data and formulas. This development enables
direct translation between colorimetric concepts and computer calculations. Matrix algebra is now
being used increasingly in the colorimetric literature.4,22,23
Section 10.6 uses the vector and matrix formulation developed in Sec. 10.5 to treat some advanced
topics.
The appendix (Sec. 10.7) reviews the elementary facts of matrix algebra required for this chapter.
Numerous texts treat the subject in detail.24–27 Many software packages (e.g., MATLAB, S-Plus, R)
provide extensive support for numerical matrix algebra.

10.3

FUNDAMENTALS OF COLORIMETRY

Introduction
We describe the light reaching the eye from an image location by its spectral power distribution. The
spectral power distribution generally specifies the radiant power density at each wavelength in the
visible spectrum. For human vision, the visible spectrum extends roughly between 400 and 700 nm
(but see subsection “Sampling the Visible Spectrum” in Sec. 10.5). Depending on the viewing geometry, measures of radiation transfer other than radiant power may be used. These measures include
radiance, irradiance, exitance, and intensity. The distinctions between these measures and their associated units as well as equivalent photometric measures are treated in Chaps. 34, 36, and 37 of Vol. II
on this Handbook and are not considered here.
Color and color perception are limited at the first stage of vision by the spectral properties of
the layer of light-sensitive photoreceptors that cover the rear surface of the eye (upon which an
inverted image of the world is projected by the eye’s optics). These photoreceptors transduce
arriving photons to produce the patterns of electrical signals that eventually lead to perception.
Daytime (photopic) color vision depends mainly upon the three classes of cone photoreceptor, each
with different spectral sensitivity. These are referred to as long-, middle-, and short-wavelengthsensitive cones (L, M, and S cones), according to the part of the visible spectrum to which they are
most sensitive (see Fig. 6). Night-time (scotopic) vision, by contrast, depends on a single class of
photoreceptor, the rod.
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TABLE 1

Glossary of Conventional Colorimetric Terms and Notation

Chromaticity coordinates

x, y, or in terms of the tristimulus values X /(X+Y+Z) and Y/(X+Y+Z),
respectively (or r, g for RGB space, or l, m for LMS space).

Color-matching functions or CMFs

x(λ ) , y(λ ), and z(λ ). Tristimulus values of the equal-energy spectrum
locus.

Cone fundamentals

l (λ ), m(λ ), and s (λ ) in CMF notation, or often L(λ), M(λ), and S(λ).
These are the CMFs that would result if primaries that uniquely stimulated the three cones could be used.

Photopic luminosity function

Photometric measure of luminous efficiency as a function of wavelength
under photopic (i.e., rod-free) conditions: V(λ) or y(λ ).

Primary lights

R, G, B, the three independent primaries (real or imaginary) to which the
test light is matched (actually or hypothetically). They must be independent in the sense that no combination of two can match the third.

Standard observer

The standard observer is the hypothetical individual whose colormatching behavior is represented by a particular set of mean CMFs.

Tristimulus values

R, G, B, the amounts of the three primaries required to match a given
stimulus.

Visual angle

The angle subtended by an object in the external field of view at the effective
optical center of the eye. Colorimetric data are typically for centrally
fixated 2 or 10° fields of view.

Conventional Colorimetric Terms and Notation
Table 1 provides a glossary of conventional colorimetric terms and notation. We adhere to these
conventions in our initial development, in this section and in Sec.10.4. See also Table 3.1 of Ref. 28,
and compare with the matrix algebra glossary in Table 2.

Trichromacy and Univariance
Normal human vision is trichromatic. With some important provisos (see subsection “Conditions
for Trichomatic Color Matching” in Sec. 10.3), observers can match a test light of any spectral composition to an appropriately adjusted mixture of just three other lights. Consequently, colors can be
defined by three variables: the intensities of the three primary lights with which they match. These
are called tristimulus values.
The range of colors that can be produced by the additive combination of three lights is simulated
in Fig. 2. Overlapping red, green, and blue lights produce regions that appear cyan, purple, yellow,
and white. Other, intermediate, colors can be produced by varying the relative intensities of the three
lights.
Human vision is trichromatic because there are only three classes of cone photoreceptor in the
eye, each of which responds univariantly to the rate of photon absorption.29,30 Univariance refers to
the fact that the effect of a photon, once absorbed, is independent of wavelength. What varies with
wavelength is the probability that a photon is in fact absorbed, and this variation is described by the
photoreceptor’s spectral sensitivity. Photoreceptors are, in effect, sophisticated photon counters the
outputs of which vary according to the rate of absorbed photons. Changes in the absorption rate can
result from a change in photon wavelength or from a change in the number of incident photons. This
confound means that individual photoreceptors are effectively color blind. Normal observers are able
to see color by comparing the outputs of the three, individually color-blind, cone types.
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TABLE 2

Glossary of Notation Used in Matrix Algebra Development
Link to Conventional Notation

l

Wavelength

Nl

Number of wavelength samples

b

Spectral power distribution; basis vector

B

Linear model basis vectors

a

Linear model weights

Nb

Linear model dimension

p

Primary spectral power distribution

P

Linear model for primaries

t

Tristimulus coordinates

T

Color-matching functions
(x, y , and z are rows of T)

r

Cone (or sensor) coordinates

⎡L⎤
⎢M ⎥
⎢ ⎥
⎣S ⎦

R

Cone (or sensor) sensitivities
(l , m, and s are rows of R )

⎡• • • l • • •⎤
⎢
⎥
⎢• • • m • • •⎥
⎢• • • s • • •⎥
⎣
⎦

v

Luminance

V

Luminous efficiency function
(Vl is the single row of vector v)

M

Color space transformation matrix

⎡X ⎤
⎢Y ⎥
⎢ ⎥
⎣Z ⎦
⎡• • • x • • •⎤
⎢
⎥
⎢• • • y • • •⎥
⎢⎣• • • z • • •⎥⎦

[Y ]
⎡⎣• • • Vλ • • •⎤⎦

FIGURE 2 Additive color mixing. Simulated overlap of projected red, green, and blue
lights. The additive combination of red and green is seen as yellow, red and blue as purple,
green and blue as cyan, and red, green, and blue as white.
10.5
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Color Matching
Trichromacy, together with other critical properties of color matching described in subsection
“Critical Properties of Color Matching” in Sec. 10.3 mean that the color-matching behavior of
an individual can be characterized as the intensities of three independent primary lights that are
required to match a series of monochromatic spectral lights spanning the visible spectrum. Two
experimental methods have been used to measure color matches: the maximum saturation method
and Maxwell’s method. Most standard color-matching functions have been obtained using the maximum saturation method, though it is arguably inferior.
Maximum Saturation Method The maximum saturation method was used by Wright31 and Guild32
to obtain the matches that form the basis of the CIE 1931 color-matching functions (see subsection
“CIE 1931 2° Color Matching Functions” in Sec. 10.4). In this method, the observer is presented with
a half field illuminated by a monochromatic test light of variable wavelength l as illustrated in Fig. 3a
and an abutting half field illuminated by a mixture of red (R), green (G), and blue (B) primary lights.
Test light plus third
desaturating primary

Two primary lights

Test (l)

Green (526 nm)

Red (645 nm)

Blue (444 nm)

Test half-field

Mixture half-field
(a)

Tristimulus value

3
2

r(l)
g(l)

b(l)

1
0
400

500

600

700

Wavelength, l (nm)
(b)
FIGURE 3 (a) Maximum saturation method of color matching. A
monochromatic test field of wavelength l can be matched using a mixture
of red (645 nm), green (526 nm), and blue (444 nm) primary lights, one of
which must usually be added to the test field to complete the match. (b) Colormatching functions. The amounts of each of the three primaries required to
match equal energy monochromatic lights spanning the visible spectrum are
known as the red r (λ ), green g(λ ), and blue b(λ ), CMFs. These are shown
as the red, green, and blue lines respectively. A negative sign means that primary must be added to the target to complete the match. (Based on Fig. 2.6 of
Stockman and Sharpe.21 The data are from Stiles and Burch.33)
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(Note that in this section of the chapter, bold uppercase symbols denote primary lights, not matrices.)
Often the primary lights are chosen to be monochromatic, although this is not necessary. For each test
wavelength l, the observer adjusts the intensities and arrangement of the three primary lights to make
a match between the half field containing the test light and the adjacent half field. Generally, one of
the primary lights is admixed with the test, while the other two are mixed together in the adjacent half
field. Figure 3b shows the mean r (λ ), g(λ ), and b(λ ) color-matching functions (hereafter abbreviated as CMFs) obtained by Stiles and Burch33 for primary lights of 645, 526, and 444 nm. Notice
that one of the CMFs is usually negative. There is no “negative light.” Negative values mean that the
primary in question has been added to the test light in order to make a match. Matches using real
primaries result in negative values because the primaries do not uniquely stimulate single cone photoreceptors, the spectral sensitivities of which overlap throughout the visible spectrum (see Fig. 6).
Although color-matching functions are generally plotted as functions of wavelength, it is helpful to
keep in mind that they represent matches, not light spectral power distributions.
The maximum saturation match between E λ , a monochromatic constituent of the equal unit
energy stimulus of wavelength l, and the three primary lights (R, G, and B) is denoted by
E λ ~ r (λ )R + g (λ )G + b (λ )B

(1)

where r (λ ), g(λ ), and b(λ ) are the three CMFs, and where negative CMF values indicate that the
corresponding primary was mixed with the test to make the perceptual match. CMFs are usually
defined for a stimulus, E, which has equal unit energy throughout the spectrum. However, in practice the spectral power of the test light used in most matching experiments is varied with wavelength. In particular, longer-wavelength test lights are typically chosen to be intense enough to saturate the rods so that rods do not participate in the matches (see, e.g., Ref. 34). CMFs and the spectral
power distributions of lights are always measured and tabulated as discrete functions of wavelength,
typically defined in steps of 1, 5, or 10 nm.
We use the symbol ~ in Eq. (1) to indicate that two lights are a perceptual match. Perceptual matches
are to be carefully distinguished from physical matches, which are denoted by the = symbol. Of course,
when two lights are a physical match, they must also be a perceptual match. Two lights that are a perceptual match but not a physical match are referred to as metameric color stimuli or metamers. The term
metamerism is often used to refer to the fact that two physically different lights can appear identical.
The color-matching functions are defined for equal energy monochromatic test lights. More
generally any test light, whether monochromatic or not, may be matched in the color-matching experiment. As noted above, we refer to the primary weights R, G, and B required to match any light as its
tristimulus values. As with CMFs, tristimulus values may be negative, indicating that the corresponding primary is mixed with the test to make the match. Once the matching primaries are specified, the
tristimulus values of a light provide a complete description of its effect on the human cone-mediated
visual system, subject to the caveats discussed below. In addition, knowledge of the color-matching
functions is sufficient to compute the tristimulus values of any light (see subsection “Tristimulus
Values for Arbitrary lights” in Sec. 10.3).
Conditions for Trichromatic Color Matching There are a number of qualifications to the empirical
generalization that it is possible for observers to match any test light by adjusting the intensities of
just three primaries. Some of these qualifications have to do with ancillary restrictions on the experimental conditions (e.g., the size of the bipartite field and the overall intensity of the test and matching lights). The other qualifications have to do with the choice of primaries and certain conventions
about the matching procedure. First the primaries must be chosen so that it is not possible to match
any one of them with a weighted superposition of the other two. Second, the observer sometimes
wishes to increase the intensity of one or more of the primaries above its maximum value. In this
case, we must allow him to scale the intensity of the test light down. We follow the convention of
saying that the match was possible and scale up the reported primary weights by the same factor.
Third, as discussed in more detail above, the observer sometimes wishes to decrease the intensity of
one or more of the primaries below zero. This is always the case when the test light is a spectral light
unless its wavelength is equivalent to one of the primaries. In this case, we must allow the observer

Bass_v3ch10_p001-056.indd 10.7

8/21/09 12:49:48 PM

10.8

VISION AND VISION OPTICS

Standard
white light

Two primary lights
plus test light

Test (l)
Green (526 nm)
Blue (444 nm)

White

White half-field

Mixture half-field

FIGURE 4 Maxwell’s method of color matching. A monochromatic test field of wavelength l replaces the primary light to
which it is most similar, and a match is made to the white standard by adjusting the intensities of the two remaining primaries
and the test field. (Based on Fig. 3 of Stockman.206)

to superimpose each such primary on the test light rather than on the other primaries. We follow
the convention of saying that the match was possible but report with negative sign the intensity of
each transposed primary.
With these qualifications, matching with three primaries is always possible for small fields. For
larger fields, spatial inhomogeneities may make it impossible to produce a match simultaneously
across the entire field (see subsections “Specifity of CMFs” and “Tristimulus Values for Arbitrary
Lights” in Sec. 10.3).
Maxwell’s Matching Method It is of methodological interest to note that the maximum saturation method is not the only way to instrument the color-matching experiment. Indeed the first
careful quantitative measurements of color matching and trichromacy were made by Maxwell.35 In
Maxwell’s method, which is illustrated in Fig. 4, the matched fields always appear white, so that at
the match point the eye is always in the same state of adaptation whatever the test wavelength (in
contrast to the maximum saturation method in which the chromaticity of the match varies with
wavelength). In the experiment, the subject is first presented with a white standard half-field, and
is asked to match it with the three primary lights. The test light then replaces the primary light to
which it is most similar and the match is repeated. Grassmann’s laws are invoked to convert the two
empirical matches to the form of Eq. (1).
Critical Properties of Color Matching Color-matching data are usually obtained for monochromatic test lights. Such data are useful in general only if they can be used to predict matches for other
lights with arbitrary spectral power distributions, and by extension the matches that would be made
for other sets of primary lights. For this to be possible, the color-matching experiment must exhibit
a number of critical properties. We review these properties briefly below. Given that they hold, it is
possible to show that tristimulus values provide a complete representation for the spectral properties of light as these affect human vision. Krantz provides a detailed formal treatment.12
Grassmann’s laws
They are:8,12

Grassmann’s laws describe several of the key properties of color matching.

1. Symmetry: If light X matches light Y, then Y matches X.
2. Transitivity: If light X matches light Y and Y matches light Z, then X matches Z.
3. Proportionality: If light X matches light Y, then nX matches nY (where n is a constant of
proportionality).
4. Additivity: If W matches X and Y matches Z, then the combination of W and Y matches the
combination of X and Z (and similarly the combination of X and Y matches W and Z).
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These laws have been tested extensively and hold well.8,19 To a first approximation, color matching
can be considered to be linear and additive.12,36
Uniqueness of color matches The tristimulus values of a light should be unique. This is equivalent to the requirement that only one weighted combination of the apparatus primaries produces a
match to any given test light. The uniqueness of color matches ensures that tristimulus values are
well-defined. In conjunction with transitivity, uniqueness also guarantees that two lights that match
each other will have identical tristimulus values. It is generally accepted that, apart from variability,
trichromatic color matches are unique for color normal observers.
Persistence of color matches The above properties concern color matching under a single set of
viewing conditions. By viewing conditions, we refer to the properties of the image surrounding the
bipartite field and the sequence of images viewed by the observer before he made the match. An
important property of color matching is that lights that match under one set of viewing conditions
continue to match when the viewing conditions are changed. This property is referred to as the persistence or stability of color matches.8, 19 It holds to good approximation (but see subsection “Limits
of Color Matching Data” in Sec. 10.4). The importance of the persistence law is that it allows a single
set of tristimulus values to be used across viewing conditions.
Consistency across observers Finally, for the use of tristimulus values to have general validity, it
is important that there should be agreement about matches across observers. For the majority of the
population, there is good agreement about which lights match. We discuss individual differences in
color matching in section “Limits of Color-Matching Data.”
Specificity of CMFs Color-matching data are specific to the conditions under which they were
measured, and strictly to the individual observers in whom they were measured. By applying the
data to other conditions and using them to predict other observer’s matches, some errors will inevitably be introduced.
An important consideration is the area of the retina within which the color matches were made.
Standard color matching data (see section “Color-Matching Functions” in Sec. 10.4) have been
obtained for centrally viewed fields with diameters of either 2° or 10° of visual angle. The visual
angle refers to the angle subtended by an object in the external field at the effective optical center of
the eye. The size of a circular matching field used in colorimetry is defined as the angular difference
subtended at the eye between two diametrically opposite points on the circumference of the field.
Thus, matches are defined according to the retinal size of the matching field not by its physical size.
A 2° diameter field is known as a small field, whereas a 10° one as a large field. (One degree of visual
angle is roughly equivalent to the width of the fingernail of the index finger held at arm’s length.)
Color matches vary with retinal size and position because of changes in macular pigment density and photopigment optical density with visual angle (see section “Limits of Color-Matching
Data”).
Standardized CMFs are mean data that are also known as standard observer data, in the sense that
they are assumed to represent the color-matching behavior of a hypothetical typical human observer.
The color matches of individual observers, however, can vary substantially from the mean matches
represented by standard observer CMFs. Individual differences in lens pigment density, macular pigment density, photopigment optical density, and in the photopigments themselves can all influence
color matches (see section “Limits of Color-Matching Data”).
Tristimulus Values for Arbitrary Lights Given that additivity holds for color matches, the tristimulus values, R, G, and B for an arbitrarily complex spectral radiant power distribution P(λ ) can be
obtained from the r (λ ), g(λ ), and b(λ ) CMFs by:
R = ∫ P(λ ) r (λ )dλ ,

G = ∫ P(λ ) g (λ )dλ ,

and

B = ∫ P(λ )b (λ )dλ

(2)

Since spectral power distributions and CMFs are usually discrete functions, the integration in Eq. (2)
is usually replaced by a sum.
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3

Tristimulus value

Tristimulus value

Transformability of CMFs The r (λ ), g(λ ), and b(λ ) CMFs shown in Fig. 3 are for monochromatic
RGB (red-green-blue) primaries of 645, 526, and 444 nm. These CMFs can be transformed to other
sets of real primary lights, and to CMFs for imaginary primary lights, such as the CIE X, Y, and Z
primaries, or to CMFs representing the LMS cone spectral sensitivities (cone fundamentals). These
transformations are illustrated in Fig. 5.
Each transformation of CMFs is accomplished by multiplying the CMFs, viewed as a column vector at each wavelength, by a 3 × 3 matrix. For now we simply assert this result, as our key point here
is to note that such transformation is possible to enable a discussion of commonly used tristimulus
representations. See Sec. 10.5 or Sec. 3.2.5 of Ref. 8 for more details about transformations between
primaries.
The primaries selected by the CIE produced x(λ ), y(λ ), and z(λ ) CMFs that are always positive.
The y(λ ) CMF is also the luminosity function (see section “Brightness Matching and Photometry”
and also Chap. 11) thus incorporating luminosity information into the CMFs, and linking colorimetry and photometry.
The primaries that yield the cone fundamentals l (λ ), m(λ ), and s (λ ) as CMFs are three imaginary
primary lights that would uniquely stimulate each of the three classes of cones. Although l (λ ), m(λ ), and
s (λ ) cannot be obtained directly from color matches, they are strongly constrained by color-matching
data since they should be a linear transformation of any other set of CMFs. Derivation of cone
fundamentals is discussed in the section “Cone Fundamentals.”

r(l)
2
1

b(l)

g(l)

0
400

500
600
Wavelength (nm)
(a)

3
2

z(l)
y(l)

1
0
400

700

x(l)

500
600
Wavelength (nm)

700

(b)

Sensitivity

1.0
l(l)
0.5

s(l)
m(l)

0.0
400

500
600
Wavelength (nm)
(c)

700

FIGURE 5 CMFs can be linearly transformed from one set of primaries to another. Illustrated
here are CMFs for R, G, and B primaries (a), for the imaginary X, Y, and Z primaries (b), and the cone
fundamental L, M, and S primaries (c). The CMFs shown in (a) and (b) are Judd-Vos modified CIE
1931 RGB and XYZ functions, respectively (see subsection “Judd-Vos Modified 2° Color-Matching
Functions” in Sec. 10.4) and those shown in (c) are the Smith-Pokorny cone fundamentals (see section
“Cone Fundamentals”). (Based on Fig. 4 of Stockman.206)
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COLOR COORDINATE SYSTEMS

Overview
For the range of conditions where the color-matching experiment obeys the properties described in
the previous sections, tristimulus values (or cone coordinates) provide a complete and efficient representation of human color vision. When two lights have identical tristimulus values, they are indistinguishable to the visual system and may be substituted for one another. When two lights have tristimulus values that differ substantially, they can be distinguished by an observer with normal color vision.
The relation between spectral power distributions and tristimulus values depends on the choice of
primaries used in the color-matching experiment. In this sense, the choice of primaries in colorimetry is
analogous to the choice of unit (e.g., foot versus meter) in the measurement of length. We use the terms
color coordinate system and color space to refer to a representation derived with respect to a particular
choice of primaries. We will also use the term color coordinates as synonym for tristimulus values.
Although the choice of primaries determines a color space, specifying primaries alone is not sufficient to compute tristimulus values. Rather, it is the color-matching functions that characterize the
properties of the human observer with respect to a particular set of primaries. As noted in section
“Fundamentals of Colorimetry” above and developed in detail in Sec. 10.5, “Matrix Representations
and Calculations,” knowledge of the color-matching functions allows us to compute tristimulus
values for arbitrary lights, as well as to derive color-matching functions with respect to other sets
of primaries. Thus in practice we can specify a color space either by its primaries or by its colormatching functions.
A large number of different color spaces are in common use. The choice of which color space to use
in a given application is governed by a number of considerations. If all that is of interest is to use a threedimensional representation that accurately predicts the results of the color-matching experiment, the
choice revolves around the question of finding a set of color-matching functions that accurately capture
color-matching performance for the set of observers and viewing conditions under consideration. From
this point of view, color spaces that differ only by an invertible linear transformation are equivalent. But
there are other possible uses for color representation. For example, one might wish to choose a space
that makes explicit the responses of the physiological mechanisms that mediate color vision. We discuss
a number of commonly used color spaces based on CMFs, cone fundamentals, and transformations of
the cone fundamentals guided by assumptions about color vision after the photoreceptors.
Many of the CMFs and cone fundamentals are available online in tabulated form at URL http://
www.cvrl.org/.
Stimulus Spaces
A stimulus space is the color space determined by the primaries of a particular apparatus. For example, stimuli are often specified in terms of the excitation of three monitor phosphors. Stimulus color
spaces have the advantage that they provide a direct description of the physical stimulus. On the
other hand, they are nonstandard and their use hampers comparison of data collected in different
laboratories. A useful compromise is to transform the data to a standard color space, but to provide
enough side information to allow exact reconstruction of the stimulus. Often this side information
can be specification of the apparatus primaries.
Color-Matching Functions
Several sets of standard CMFs are available for the central 2° or the central 10° of vision. For the central
2° (the small-field matching conditions), they are the CIE 1931 CMFs,37 the Judd-Vos modified 1931
CMFs,38,39 and the Stiles and Burch CMFs.33 For the central 10° (the large-field matching conditions),
they are the 10° CMFs of Stiles and Burch,34 and the related 10° CIE 1964 CMFs. CIE functions are available as r (λ ), g(λ ), and b(λ ) for the real primaries R, G, and B, or as x(λ ), y(λ ), and z(λ ) for the imaginary
primaries X, Y, and Z. The latter are more commonly used in applied colorimetry.
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CIE 1931 2° Color-Matching Functions In 1931, the CIE integrated a body of empirical data to
determine a standard set of CMFs.37,40 The notion was that the CIE 1931 color-matching functions
would characterize the results of a color-matching experiment performed on an “average” or “standard” color-normal human observer known as the CIE 1931 standard observer. They are available in
both r (λ ), g(λ ) , and b(λ ) and x(λ ), y(λ ) , and z(λ ) form.
The empirical color-matching data used to construct the 1931 standard observer were those of
Wright41 and Guild,32 which provided only the ratios of the three primaries required to match spectral test lights. Knowledge of the absolute radiances of the matching primaries is required to generate
CMFs, but this was unavailable. The CIE reconstructed this information by assuming that a linear
combination of the three unknown CMFs was equal to the 1924 CIE V(l) function.37,42 In addition to
uncertainties about the validity of this assumption,43 the V(l) curve that was used as the standard is
now known not to provide an accurate description of typical human performance; it is far too insensitive at short wavelengths (see Fig. 2.13 of Ref. 44).
More generally, there is now considerable evidence that the color-matching functions standardized by the CIE in 1931 differ from those of the average human observer21,33,34,38,39 and the CIE has
recently recommended11 a new set of color-matching functions based on estimates of the cone photoreceptor spectral sensitivities and the Stiles and Burch 10° CMFs.34 A large body of extant data is
available only in terms of the CIE 1931 system, however, and many colorimetric instruments are
designed around it. Therefore it seems likely that the CIE 1931 system will continue to be of practical
importance for some time. Its inadequacy at short-wavelengths is well-known, and is often taken into
account in colorimetric and photometric applications.
Judd-Vos Modified 2° Color-Matching Functions In 1951, Judd reconsidered the 1931 CMFs and
came to the conclusion that they could be improved.38 He increased the sensitivity of V(l) used
to reconstruct the CIE CMFs below 460 nm, and derived a new set of CMFs [see Table 1 (5.5.2) of
Ref. 8, which were later slightly modified by Vos,39 see his Table 1].
The modifications to the V(l) function introduced by Judd had the unwanted effect of producing
CMFs that are relatively insensitive near 460 nm (where they were unchanged). Although this insensitivity can be roughly characterized as being consistent with a high macular pigment density,33,45,46
the CMFs are somewhat artificial and thus removed from real color matches. Nevertheless, in practice
the Judd-Vos modifications lead to a set of CMFs that are probably more typical of the average human
observer than the original CIE 1931 color-matching functions. These functions were never officially
standardized. However, they are widely used in practice, especially in vision science, because they are
the basis of a number of estimates of the human cone spectral sensitivities, including the recent versions of the Smith-Pokorny cone fundamentals.47
Stiles and Burch (1955) 2° CMFs The assumption used to construct the CIE 1931 standard
observer, namely that V(l) is a linear combination of the CMFs is now unnecessary, since current
instrumentation allows CMFs to be measured in conjunction with absolute radiometry. The Stiles
and Burch 2° CMFs33 are an example of directly measured functions. Though referred to by Stiles
as “pilot” data, these CMFs are the most extensive set of directly measured color-matching data for
2° vision available, being averaged from matches made by 10 observers. Even compared in relative
terms, there are real differences between the CIE 1931 and the Stiles and Burch33 2° color-matching
data in the range between 430 and 490 nm. These CMFs are seldom used.
Stiles and Burch (1959) 10° CMFs The most comprehensive set of color-matching data are the
large-field, centrally viewed 10° CMFs of Stiles and Burch.34 Measured in 49 subjects from approximately 390 to 730 nm (and in nine subjects from 730 to 830 nm), these data are probably the most
secure set of existing CMFs. Like the Stiles and Burch 2° functions,33 the 10° functions represent
directly measured CMFs, and so do not depend on measures of V(l). These CMFs are the basis of
the Stockman and Sharpe46 cone fundamentals (see section “Cone Fundamentals”) and thus the
recent CIE proposal for a set of physiologically relevant CMFs.11
1964 10° Color-Matching Functions In 1964, the CIE standardized a second set of CMFs appropriate for larger field sizes. These CMFs take into account the fact that human color matches depend on
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the size of the matching fields. The CIE 1964 10° color-matching functions are an attempt to provide a standard observer for these larger fields. The use of 10° color-matching functions is recommended by the CIE when the sizes of the regions under consideration are larger than 4°.10 The large
field CIE 1964 CMFs are based mainly on the 10° CMFs of Stiles and Burch34 and to a lesser extent on
the arguably inferior and possibly rod-contaminated 10° CMFs of Speranskaya.48 These functions
are available as r (λ ), g(λ ), and b(λ ) and x(λ ), y(λ ), and z(λ ) .
While the CIE 1964 CMFs are similar to the 10° CMFs of Stiles and Burch functions, they differ
in several ways that compromise their use as the basis for cone fundamentals.46 The CIE11 has now
recommended a new set of 10° color-matching functions that are more tightly coupled to estimates of
the cone spectral sensitivities and are based on the original Stiles and Burch 10° data.
Cone Fundamentals
An important goal in color science since the establishment of trichromatic color theory,49–52 has
been the determination of the linear transformation between r (λ ), g(λ ), and b(λ ) and the three
cone spectral sensitivities, l (λ ) , m(λ ), and s (λ ) .
A match between the test and mixture fields in a color-matching experiment is a match at the level
of the cone photoreceptors. The response of each cone class to the mixture of primaries equals the
response of that cone class to the test light. Put more formally, the following equations must hold for
each unit energy test light:
lR r (λ ) + lG g (λ ) + lBb (λ ) = l (λ )
mR r (λ ) + mG g (λ ) + mBb (λ ) = m(λ )

(3)

sR r (λ ) + sG g (λ ) + sBb (λ ) = s (λ )
where lR , lG, and lB are, respectively, the L-cone sensitivities to the R, G, and B primary lights, mR , mG ,
and mB are the M-cone sensitivities to the primary lights, and sR , sG , and sB are the S-cone
sensitivities.
Since the S cones are now known to be insensitive to long wavelengths, it can be assumed that sR
is effectively zero for a long-wavelength R primary. There are therefore eight unknowns required, and
we can rewrite Eq. (3) as a linear transformation:
⎛ lR
⎜
⎜mR
⎜⎝ 0

lG
mG
sG

lB ⎞ ⎛ r (λ )⎞ ⎛ l (λ )⎞
⎟
mB⎟ ⎜ g (λ )⎟ = ⎜m(λ )⎟
⎟
⎜
⎟ ⎜
sB ⎟⎠ ⎜⎝b (λ )⎟⎠ ⎜⎝ s (λ )⎟⎠

(4)

Moreover, since we are often more concerned about the relative l (λ ) , m(λ ), and s (λ ) cone spectral
sensitivities, rather than their absolute values, the eight unknowns become five:
⎛ lR lB
⎜m m
⎜ R B
⎝ 0

lG lB 1⎞ ⎛ r (λ )⎞ ⎛ kl l (λ )⎞
mG mB 1⎟ ⎜ g (λ )⎟ = ⎜kmm(λ )⎟
⎟
⎟ ⎜
⎟ ⎜
sG sB 1⎠ ⎝b (λ )⎠ ⎝ ks s (λ )⎠

(5)

Note that the constants kl , km, and ks remain unknown. Their values are typically chosen to scale
the three cone fundamentals to meet some side criterion: for example, so that kl l (λ ) , kmm(λ ) , and
ks s (λ ) peak at unity. Smith and Pokorny53 assume that kl l (λ ) + kmm(λ ) sum to V(λ ), the luminous
efficiency function. Care should be taken when drawing conclusions that depend on the scaling chosen.
The five unknowns in the left of Eq. (5) can be estimated by fitting linear combinations of CMFs to
cone spectral sensitivity measurements made in dichromatic observers and in normal observers under special conditions that isolate the responses of single cone types. They can also be estimated by comparing
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color matches made by normal and dichromatic observers. Estimates from dichromats depend on the “loss,”
“reduction,” or “König” assumption that dichromatic observers lack one of the three cone types, but retain
two that are identical in spectral sensitivity to the normal counterparts.35,54 The identity of the two remaining
cone types means that dichromats accept all color matches set by normal trichromats. The loss hypothesis
now has a firm empirical foundation, because it has become possible to sequence and identify the photopigment opsin genes of normal, dichromatic and monochromatic observers.55,56 As a result, individuals who
conform to the loss assumption can be selected by genetic analysis. Thanks to the longer wavelength part
of the visible spectrum being effectively dichromatic, because of the insensitivity of the S cones to longer
wavelength lights, the unknown value, sG / sB, can also be derived directly from normal color-matching data
(see Refs. 57 and 58 for details).
Several authors have estimated LMS cone spectral sensitivities using the loss hypothesis.8,53,59–66
Figure 6 shows estimates by Smith and Pokorny53 and Stockman and Sharpe.46 The Smith-Pokorny
estimates are a transformation of the Judd-Vos corrected CIE 1931 functions (see earlier). The
Stockman-Sharpe estimates are a transformation of the Stiles and Burch 10° (see earlier) adjusted to
2° (see Ref. 21 for further information).
0

−1
Log10 quantal sensitivity

L
−2

M
S

−3

−4

−5

Black
lines

Smith and
Pokorny

Colored
lines

Stockman
and Sharpe

400

450

500

550

600

650

700

2
Density

Lens
Macular
pigment

1

0

400

450
500
Wavelength (nm)

550

FIGURE 6 S-, M-, and L-cone spectral sensitivity estimates of
Stockman and Sharpe46 (colored lines) compared with the estimates of
Smith and Pokorny53 (dashed black lines). The lower inset shows the lens
pigment optical density spectrum (black line) and the macular pigment
optical density spectrum (magenta line) from Stockman and Sharpe.46
Note the logarithmic vertical scale—commonly used in such plots to
emphasize small sensitivities. (Based on Fig. 5 of Stockman.206)
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Limits of Color-Matching Data
Specifying a stimulus using tristimulus values depends on having an accurate set of color-matching
functions. The CMFs and cone fundamentals discussed in preceding sections are designed to be
representative of a standard observer under typical viewing conditions. A number of factors limit
the precision to which a standard color space can predict the individual color matches. We describe
some of these factors below. Wyszecki and Stiles8 provide a more detailed treatment.
For most applications, standard calculations are sufficiently precise. However, when high precision
is required, it is necessary to tailor a set of color-matching functions to the individual and observing
conditions of interest. Once such a set of color-matching functions or cone fundamentals is available,
the techniques described in other sections may be used to compute corresponding color coordinates.
Standard sets of color-matching functions are summaries or means of color-matching results for a
number of color-normal observers. There is small but systematic variability between the matches set
by individual observers, and this variability limits the precision to which standard color-matching functions may be taken as representative of any given color-normal observer. A number of factors underlie
the variability in color matching. Stiles and Burch carefully measured color-matching functions for
49 observers using 10° fields.33,34 Webster and MacLeod analyzed individual variation in these colormatching functions.67 They identified five primary factors that drive the variation in individual color
matches. These are macular pigment density, lens pigment density, photopigment optical density,
amount of rod intrusion into the matches, and variability in the absorption spectra of the L, M, and
S cone photopigments.
Macular Pigment Density Light must pass through the ocular media before reaching the photoreceptors. At the fovea this includes the macula lutea, which contains macular pigment. This pigment
absorbs lights of shorter wavelengths covering a broad spectral region centered on 460 nm (see inset
of Fig. 6). There are large individual differences in macular pigment density, with peak densities at
460 nm ranging from 0.0 to about 1.2.68–70
Lens Pigment Density Light is focused on the retina by the cornea and the yellow pigmented
crystalline lens. The lens pigment absorbs light mainly of short wavelengths (see inset of Fig. 6).
Individual differences in lens pigment density range by as much as ±25 percent of the mean density
in young observers (<30 years old).71 Lens pigment also increases with age,72,73 resulting in systematic differences in color-matching functions between populations of different ages.74
Photopigment Optical Density The axial optical density of the photopigment in the photoreceptor outer segment depends on several factors, including the underlying photopigment extinction or absorbance spectra, outer segment length, and the photopigment concentration within
the outer segment. All these factors can vary between individuals,75–82 and within individuals.
Photoreceptor outer segment length, and thus axial photopigment optical density, decreases with
retinal eccentricity.83,84 Although changes in photopigment optical density are typically neglected,
they can become important under circumstances where very intense adapting fields (which dilute
the photopigment by bleaching) are employed or where fixation is eccentric. See section “Adjusting
Cone Spectral Sensitivities for Individual Differences” for corrections that account for changes in
photopigment optical density.
Variability in Photopigment lmax Genetic and behavioral evidence shows that there are multiple
versions of the human L- and M-cone photopigments.56,85–89 This multiplicity is known as cone
polymorphism. The most common genetic polymorphism is the substitution of alanine for serine
at position 180 of the L-cone photopigment gene. This substitution produces a shift in the L-cone
photopigment spectral sensitivity of several nanometers, with the A180 variant shifted toward
shorter wavelengths relative to the S180 variant (see Ref. 89 for a review of shift estimates). In applications where precise knowledge of an individual’s cone spectral sensitivities is important, genotyping can now help provide key information.46,90 Some individuals possess more than one variant of
the L- or M- cone photopigment gene.55, 91–93
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Color-Deficient Observers A class of color-deficient individuals, known as anomalous red-green
trichromats, are trichromatic but set color matches substantially different from color-normal
observers. Anomalous red-green trichromacy is caused by the spectral sensitivity of either the L- or
the M-cone photopigment being shifted from its normal location to an anomalous position that
lies closer to the location of the spectral sensitivity function of the remaining normal M- or L-cone
photopigment (for a review, see Ref. 89). These shifts result from the inheritance of hybrid LM- or
ML-cone photopigment opsin genes, which are fusion genes produced by intragenic crossing over,
containing the coding sequences of both L- and M-cone pigment genes. Measurements of the absorbance spectrum peaks of the hybrid pigments made in vitro87,94 and in vivo95,96 reveal a wide range of
possible anomalous spectra that lie between the normal L- and M-cone spectra. The peak absorbances
of the LM hybrid pigments cluster within about 8 nm of the peak absorbance of the normal M-cone
pigment, while those of the ML hybrid pigments cluster within about 12 nm of the peak absorbance
of the normal L-cone pigment (see Table 1 of Ref. 97). In protanomalous trichromats, one of the two
polymorphic variants of the normal L-cone pigment has been replaced with a hybrid LM pigment,
whereas in deuteranomalous trichromats one of the two polymorphic variants of the normal M-cone
pigment has been replaced with a hybrid ML pigment.
Our development of colorimetric calculations in Sec. 10.5 can be used to tailor color specification
in a particular application for color anomalous individuals, if their color-matching functions are
known. Estimates of the cone sensitivities of color anomalous observers are available.47,98 Estimates
of the A180 and S180 variants of the Stockman and Sharpe 2° functions are tabulated in Table A of
Ref. 99. Details of how to adjust cone fundamentals for different lmax values are discussed in section
“Adjusting Cone Spectral Sensitivities for Individual Differences” (see also section “Photopigment
Optical Density Spectra” of Ref. 21).
Some individuals require only two primaries in the color-matching experiment (i.e., they are
dichromats) or in rare cases only one primary (i.e., they are monochromats). Dichromats, like anomalous trichromats, are referred to as color deficient. Monochromats are, however, truly color blind
(except for rod-cone interactions at mesopic levels in single cone monochromats100). Most forms
of monochromacy and dichromacy can be understood by assuming that the individual lacks one or
more of the normal three types of cone photopigment.35,101 Individuals who lack the L-, M-, or S-cone
photopigments are known, respectively, as protanopes, deuteranopes, or tritanopes. Protanopes and
deuteranopes are much more common than tritanopes.89 Some protanopes and deuteranopes have
only one of the two normal longer wavelength cone photopigments, and so are true loss dichromats.
Some, however, have a single hybrid ML- or LM-cone photopigment, which is intermediate in spectral position between M and L, while others have two cone photopigments with identical or nearly
identical spectral sensitivities. For dichromatic and monochromatic individuals with normal cone
photopigments (i.e., those without hybrid photopigments), the use of standard color coordinates will
produce acceptable results, since a match for all three cone types will also be a match for any subset of
these types. In very rare cases, an individual has no cones at all and his vision is mediated entirely by
rods. His visual matches can be predicted by the CIE scotopic luminosity function [see Table I (4.3.2)
of Ref. 8].
Simple standard tests exist for identifying color-deficient and color-anomalous individuals. These
include the Ishihara pseudoisochromatic plates,102 the Farnsworth 100 hue test,103 and the Rayleigh
match.104 For coverage of the available clinical tests see Ref. 105. Genetic analysis may also be used to
identify the variants of cone pigments likely to be expressed by a given individual.46
Retinal Inhomogeneity Most standard colorimetric systems are based on color-matching experiments where the bipartite field was either 2° or 10° in diameter and viewed foveally. The distribution
of photoreceptors is not homogeneous across the retina, however, and both macular pigment and
photopigment optical density decline with eccentricity. Thus, CMFs that are accurate for the fovea
do not necessarily describe color matching in the extra fovea. The CIE 1964 10° XYZ color-matching
functions are designed for situations where the colors being judged subtend a large visual angle.
Stockman and Sharpe46 provide both 2° and 10° cone fundamentals.
Another consideration is that the absence of S cones in approximately the central 25-min diameter
of vision makes color matches confined to that small region tritanopic.106–109
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Rod Intrusion Both outside the fovea and at low light levels, rods can play a role in color-matching.
Under conditions where rods play a role, there is a shift in the color-matching functions due to the
contribution of rod signals. Wyszecki and Stiles8 discuss approximate methods for correcting standard sets of color-matching functions when rods intrude into color vision.
Chromatic Aberrations By some standards, even the small (roughly 2°) fields used as the basis of
most color coordinate systems are rather coarse. The optics of the eye contain chromatic aberrations
which cause different wavelengths of light to be focused with different accuracy. These aberrations
can cause a shift in the color-matching functions if the stimuli being matched have fine spatial
structure. Two stimuli which are metameric at low spatial frequencies may no longer be so at high
spatial frequencies. Such effects can be quite large.110–112 It is possible to correct color coordinates for
chromatic aberration if enough side information is available. Such correction is rare in practice but
can be important for stimuli with fine spatial structure. Some guidance is available from the literature.111,113 Another strategy available in the laboratory is to correct the stimulus for the chromatic
aberration of the eye.114
Adjusting Cone Spectral Sensitivities
for Individual Differences
Adjustments from Corneal to Photoreceptor Sensitivities Cone spectral sensitivities and CMFs are
measured with respect to light entering the observers’ cornea. However, between the cornea and
photoreceptor, the light passes through the pigmented crystalline lens, and in the fovea through the
macula lutea. Both of these filters markedly reduce the observers’ sensitivity to short-wavelength
lights (see Fig. 6).
In the first part of this section, we describe how to adjust the cone spectral sensitivities back to
their values at the photoreceptor. A related adjustment is to correct cone spectral sensitivities and
CMFs for individual differences in lens and macular pigment densities.
The calculation of photoreceptor sensitivities is straightforward given the lens [dlens (λ )] and
macular [dmac (λ )] density spectra, as well as the respective scaling constants, klens and kmac, by which
each should be multiplied. Beginning with the quantal corneal spectral sensitivity of, for example, the
L cones [ l (λ )], the filtering by the lens pigment [klensdlens (λ )] and the macular pigment [kmac dmac (λ )]
is removed:
log10[ lr (λ )] = log10[ l (λ )] + klensdlens (λ ) + kmac dmac (λ )

(6)

to give lr (λ ), the spectral sensitivity of the cones at the photoreceptor. The mean or standard dlens (λ )
and dmac (λ ) spectra that are assumed appropriate for the Stockman and Sharpe 2° cone fundamentals are tabulated in Table 2 of their paper.46 These densities correspond to a macular density of
0.35 at 460 nm, and a lens density of 1.765 at 400 nm. For the standard 2° observer, the values of
klens and kmac are set to 1, but should be adjusted appropriately for individual observers or groups
of observers with different lens and macular densities. For the mean 10° observer of Stockman and
Sharpe, the values of klens and kmac are assumed to be 1 and 0.27, respectively.
To calculate back from photoreceptor to corneal sensitivities, the filtering by the lens and macular
pigments is added back:
log10[ l (λ )] = log10[ lr (λ )] − klensdlens (λ ) − kmac dmac (λ )

(7)

Again, klens and kmac should be adjusted as appropriate.
Macular pigment density can be estimated psychophysically from the differences between spectral
sensitivities measured centrally and peripherally (in the macular-free area). Note, however, that such
estimates can be affected by other changes between the two locations, such as photopigment optical
density (see Fig. 2.5 of Ref. 21). Relative estimates of lens density can be obtained psychophysically by
measuring spectral sensitivities in a macular-free area of the retina, and then comparing them with
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mean spectral sensitivity data. Typically, rod spectral sensitivities are measured115 and then compared
with mean rod data, such as the data for 50 observers measured by Crawford72 to obtain the mean
standard rod spectral sensitivity function, V ′(l). Absolute lens density estimates can be obtained by
comparing spectral sensitivities with photopigment spectra. See Ref. 21 for discussion.
Adjustments for Photopigment Optical Density As noted above, decreases and increases in photopigment optical density result in a narrowing or broadening, respectively, of the cone spectral sensitivity curves. Corrections for these changes are most easily applied to the cone fundamentals.
The photopigment optical density or absorbance spectra [ lOD (λ )] can be calculated from photoreceptor spectral sensitivity [ lr (λ )] given the value of Dpeak , the peak optical density of the photopigment, thus:
lOD (λ ) =

− log10[1 − lr (λ )]
Dpeak

(8)

Note that lr (λ ) should be scaled before applying Eq. (8) for lOD (λ ) to peak at 1. Stockman and
Sharpe46 assume L-, M-, and S-cone Dpeak of 0.5, 0.5, and 0.4, respectively, for their mean 2° observer,
and values of 0.38, 0.38, and 0.3 for their mean 10° observer.
The spectral sensitivity at the photoreceptor, lr (λ ), can be calculated from the normalized photopigment optical density spectrum, lOD (λ ) , by the inversion of Eq. (8) (see Ref. 116):
lr (λ ) = 1 − 10

− Dpeak l OD ( λ )

(9)

Calculations from corneal spectral sensitivities to retinal photopigment optical densities ignore
changes in spectral sensitivity that may result from the structure of the photoreceptor or other ocular
structures and pigments (unless they are incorporated in estimates of the lens or macular pigment
density spectra).
Photopigment optical density can be estimated from the differences between spectral sensitivities
or color matches obtained when the concentration of the photopigment is dilute and those obtained
when it is in its normal concentration. This can be achieved psychophysically by comparing data
obtained under bleached versus unbleached conditions or for obliquely versus axially presented
lights. Bleaching measurements yield mean peak optical density values in the range 0.3 to 0.6, those
that depend on oblique presentation in the range 0.7 to 1.0 and objective measures in the range 0.35
to 0.57. See Ref. 21 for discussion.
Adjustments for Changes in Photopigment lmax Adjustments in the spectral position of the photopigment spectra can be affected by shifting them along an appropriate spectral scale before applying Eq. (7) to restore the prereceptoral filtering, the appropriate scale being one that preserves the
shapes of photopigment spectra, in general, as lmax changes (i.e., their shape should be invariant). An
early proposal was by Dartnall117 who proposed a “nomogram” or template shape for photopigment
spectra that was invariant when shifted along frequency or wavenumber (1/l, in units of cm–1) scale.
Shape invariance, however, is better preserved when spectra are plotted as a function of log frequency
or log wavenumber [log(1 / λ )],118–120 which is equivalent to log wavelength [log(λ )] or normalized
frequency (λmax / λ ). Barlow121 has also proposed an abscissa of the fourth root of wavelength ( 4 λ ).
A recent nomogram proposed by Govardovskii et al.122 is seeing considerable use. See also Eq. (8) of
Ref. 46 for human photopigment nomograms. Linear wavelength scales (l) should not be used to
shift pigment templates unless the spectral shift is quite small.

Opponent and Contrast Spaces
Cone coordinates are useful because they make explicit the responses of the initial physiological
mechanisms thought to mediate color vision. A number of investigators have begun to use representations that attempt to represent the responses of subsequent postreceptoral mechanisms. Two basic
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ideas underlie these representations. The first is the general opponent processing model described in
companion chapter (Chap. 11) in this volume. We call representations based on this idea opponent
color spaces. The second idea is that stimulus contrast is more relevant than stimulus magnitude.123
We call spaces that are based on this second idea modulation or contrast color spaces. Some color
spaces are both opponent and contrast color spaces.
Cone contrast space To derive coordinates in the cone contrast color space, the stimulus is first
expressed in terms of its cone coordinates. The cone coordinates of a white point are then chosen.
Usually these are the cone coordinates of a uniform adapting field or the spatio-temporal average
of the cone coordinates of the entire image sequence. The cone coordinates of the white point are
subtracted from the cone coordinates of the stimulus and the resulting differences are normalized
by the corresponding cone coordinates of the white point.
The DKL color space Derrington, Krauskopf, and Lennie124 introduced an opponent modulation
space that is now widely used. This space is closely related to the chromaticity diagram suggested
by MacLeod and Boynton125 (see also Ref. 126). To derive coordinates in the DKL color space, the
stimulus is first expressed in cone coordinates. As with cone contrast space, the cone coordinates of a
white point are then subtracted from the cone coordinates of the stimulus of interest. The next step
is to reexpress the resulting difference as tristimulus values with respect to a new choice of primaries
that are thought to isolate the responses of post-receptoral mechanisms.127,128 The three primaries
are chosen so that modulating two of them does not change the response of the photopic luminance
mechanism (see section “Brightness Matching and Photometry”). The color coordinates corresponding to these two primaries are often called the constant B and constant R and G coordinates.
Modulating the constant R and G coordinates of a stimulus modulates only the S cones. Modulating
the constant B coordinate modulates both the L and M cones but keeps the S-cone response constant. Because the constant R and G coordinates are not allowed to change the response of the photopic luminance mechanism, the DKL color space is well-defined only if the S cones do not contribute
to luminance. The third primary of the space is chosen so that it has the same relative cone coordinates as the white point. The coordinate corresponding to this third primary is called the luminance
coordinate. Flitcroft110 and Brainard129 provide detailed treatments of the DKL color space.
Caveats The basic ideas underlying the use of opponent and modulation/contrast color spaces
seem to be valid. On the other hand, there is not a general agreement about how signals from cones
are combined into opponent channels, about how this combination depends on adaptation, or about
how adaptation affects signals originating in the cones. Since a specific model of these processes is
implicit in any opponent or modulation/contrast color space, coordinates in these spaces must be
treated carefully. This is particularly true of contrast spaces, where the relation between the physical
stimulus and coordinates in the space depends on the choice of white point. As a consequence, radically different stimuli can have identical coordinates in a contrast space. For example, 100 percent
contrast monochromatic intensity gratings are all represented by the same coordinates in contrast
color spaces, independent of their wavelength. Nonetheless, such stimuli appear very different to
human observers. Identity of coordinates in a contrast color space does not imply identity of appearance across different choices of white points. See Ref. 129 for more extended discussion.

Visualizing Color Data
A challenge facing today’s color scientist is to produce and interpret graphical representations of
color data. Because color coordinates are three-dimensional, it is difficult to plot them on a twodimensional page. Even more difficult is to represent a dependent measure of visual performance as
a function of color coordinates. We discuss several approaches.
Three-Dimensional Approaches One strategy is to plot the three-dimensional data in perspective.
In many cases the projection viewpoint may be chosen to provide a clear view of the regularities of
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interest in the data. In Fig. 7a the spectrum locus is shown in the LMS tristimulus space. The threedimensional structure of the data may be emphasized by the addition of various monocular depth
cues to such figures, such as shading or drop lines. A number of computer graphics packages now
provide facilities to aid in the preparation of three-dimensional perspective plots. Often these programs allow variation of the viewpoint and automatic inclusion of monocular depth cues.
Computer display technology also provides promise for improved methods of viewing threedimensional data. For example, it is now possible to produce computer animations that show plots
that vary over time. Such plots have the potential for representing multidimensional data in a manner that is more comprehensible to a human viewer than a static plot. Other interesting possibilities
include the use of stereo depth cues and color displays. Online publication is making the use of such
technologies more widely available for archival purposes.
Another approach to showing the three-dimensional structure of color data is to provide multiple
two-dimensional views, as in a draftsman’s sketch. This is illustrated in Fig. 7.

M

Chromaticity Diagrams A second strategy for plotting color data is to reduce the dimensionality
of the data representation. One common approach is through the use of chromaticity coordinates.
Chromaticity coordinates are defined so that any two lights with the same relative color coordinates
have identical chromaticity coordinates. That is, the chromaticity coordinates of a light are invariant
with respect to intensity scaling. Because chromaticity coordinates have one fewer degree of freedom
than color coordinates, they can be described by just two numbers and plotted in a plane. We call a
plot of chromaticity coordinates a chromaticity diagram. A chromaticity diagram eliminates all
information about the intensity of a stimulus.

S

L

L
(b)

S

S

M

(a)

L
(c)

M
(d)

FIGURE 7 Three-dimensional views of color data. The figure shows the color coordinates of an equal energy spectrum
in color space defined by the human cone sensitivities (connected closed circles) and the color coordinates of CIE daylight
D65 (closed squares). (a) The data in perspective. (b, c, and d) Three two-dimensional views of the same data.
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There are many ways to normalize color coordinates to produce a set of chromaticity coordinates.
In general, the chromaticity coordinates [r(λ ), g(λ ), and b(λ )] of the spectrum locus are related to
the CMFs [r (λ ) , g(λ ), and b(λ )] as follows:
r( λ ) =

r (λ )
r (λ ) + g (λ ) + b (λ )

g (λ ) =

g (λ )
r (λ ) + g (λ ) + b (λ )

b(λ ) =

b (λ )
r (λ ) + g (λ ) + b (λ )

and

(10)

Given r(λ ) + g (λ ) + b(λ ) = 1, only r(λ ) and g(λ ) are typically plotted, since b(λ ) is 1 − [r(λ ) + g (λ )].
For the special case of the 1931 CMFs, we have:
x( λ ) =

x (λ )
x (λ ) + y (λ ) + z (λ )

y (λ )
y(λ ) =
x (λ ) + y (λ ) + z (λ )

and
(11)

Figure 8 shows the spectrum locus in the 1931 CIE x, y chromaticity space with an approximate representation of the colors associated with each coordinate.
Neither r, g nor x, y chromaticity diagrams provide a strong visual connection between the data
representation and the underlying cone mechanisms. For this reason, there is increasing use of chromaticity diagrams defined by the cone fundamentals. Figure 9 shows the spectrum locus plotted in l,
m chromaticity coordinates.
A useful property of most chromaticity diagrams is that the chromaticity coordinates of the mixture of two lights is always a weighted combination of chromaticity coordinates of the individual
lights. This is easily verified for the CIE 1931 chromaticity diagram by algebraic manipulation. Thus
the chromaticity of a mixture of lights will plot somewhere on the chord connecting the chromaticities of the individual lights. Wyszecki and Stiles8 review a number of standard chromaticity diagrams
not discussed here.
Implicit in the use of chromaticity coordinates is the assumption that scalar multiplication of the
stimuli does not affect the visual performance being plotted. If the overall intensity of the stimuli
matter, then the use of chromaticity coordinates can obscure important regularities. For example, the
shape of color discrimination contours (see “Color Discrimination” in Sec. 10.6 and the Chap. 11)
depends on how the overall intensity of the stimuli covaries with their chromaticities. Yet these contours are often plotted on a chromaticity diagram. This practice can lead to misinterpretation of the
discrimination data. We recommend that plots of chromaticity coordinates be treated with some
caution.
Functions of Wavelength Color data are often represented as functions of wavelength. The wavelength spectrum parameterizes a particular path through the three-dimensional color space. The
exact path depends on how overall intensity covaries with wavelength. For an equal energy spectrum,
the path is illustrated by Fig. 7.
Wavelength representations are particularly useful in situations where knowing the value of a
function for the set of monochromatic stimuli provides a complete characterization of performance.
Color-matching functions, for example, are usefully plotted as functions of wavelength because these
functions may be used to predict the tristimulus values of any light. Plots of detection threshold
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FIGURE 8 CIE 1931 xy chromaticity diagram. (a) A perspective
view of the CIE 1931 XYZ tristimulus space. The ray shows a locus of
points with constant chromaticity coordinates. The actual chromaticity
coordinates for each ray are determined by where the ray intersects the
plane described by the equation X + Y + Z = 1. This plane is indicated.
The X and Y tristimulus values at the point of intersection are the x and
y chromaticity coordinates for the ray. (b) The chromaticity coordinates
of an equal energy spectrum with the interior colored to provide a
rough indication of the color appearance of a stimulus of each chromaticity when viewed in a neutral context.
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l

0.75

1.00

FIGURE 9 Spectrum locus (continuous line) and
selected wavelengths (filled circles) plotted in the Stockman
and Sharpe46 2° l, m cone chromaticity space. The L- (red
diamond), M- (green circle), and S- (blue square) cone fundamentals plot at (1,0), (0,1), and (0,0), respectively.

versus wavelength, on the other hand, cannot be used to predict the detection threshold for arbitrary
lights.130 Just as the chromaticity diagram tends to obscure the potential importance of manipulating
the overall intensity of light, wavelength representations tend to obscure the potential importance of
considering mixtures of monochromatic lights.

Colorimetric Measurements
To apply the formulas described in this chapter, it is often necessary to measure the colorimetric
properties of stimuli. The most general approach is to measure the full spectral power distribution of the stimuli. Often, however, it is not necessary to know the full spectral power distribution;
knowledge of the tristimulus values (in some standard color space) is sufficient. For example, the
color space transformations summarized in Table 3 depend on the full spectral power distributions
of the primaries only through their tristimulus values.
Specialized instruments, called colorimeters, can measure tristimulus values directly. These instruments typically operate using the same principles as photometers with the exception that they have
three calibrated filters rather than just one. Each filter mimics the spectral shape of one of the colormatching functions. Wyszecki and Stiles discuss the basics of colorimeter design.8 Colorimeters are
generally less expensive than radiometers and are thus an attractive option when full spectral data are
not required.
Two caveats are worth noting. First, it is technically difficult to design filters that exactly match
a desired set of color-matching functions. Generally, commercial colorimeters are calibrated so that
they give accurate readings for stimuli with broadband spectral power distributions. For narrow band
stimuli (e.g., the light emitted by the red phosphor of many color monitors) the reported readings
may be quite inaccurate. Second, most colorimeters are designed according to the CIE 1931 standard.
This may not be an optimal choice for the purpose of predicting the matches of an average human
observer.
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TABLE 3

Color Space Transformations
Spectral Functions Known

Source

Destination

Primaries P1
CMFs T1
Primaries P1
CMFs T1

CMFs T2
Primaries P2
Primaries P2
CMFs T2

M
M = T2P1
M = (T1P2)–1
M = (TP2)–1(TP1)
T2 = MT1

Notes

T is any set of CMFs.
Use regression to find M.

One Space Specified in Terms of Other
Known Tristimulus Coordinates
Source primaries known in destination space.
Source CMFs known in destination space.
Destination primaries known in source space.
Destination CMFs known in source space.

How to Construct M
Put them in columns of M.
Put them in rows of M–1.
Put them in columns of M–1.
Put them in rows of M.

CMFs stands for color matching functions.
The table summarizes how to form the matrix M that transforms color coordinates between two spaces.

10.5 MATRIX REPRESENTATIONS AND CALCULATIONS
Introduction
In the remainder of the chapter we move away from the conventional representation of colorimetric data and formulae as continuous functions of wavelength to their representation as vectors and
matrices. Matrix algebra greatly simplifies the implementation of colorimetry on digital computers.
Although a discrete representation provides only samples of the underlying function of wavelength,
the information loss caused by this sampling can be made arbitrarily small by sampling at smaller
intervals.
Notation for Matrix Calculations The conventional notation used in colorimetry does not lend
itself easily to matrix and vector representations, and at the risk of some confusion between the
notation used in Secs. 10.3 “Fundamentals of Colorimetry” and 10.4 “Color Coordinate Systems”
and that used here and in Sec. 10.6 “Topics,” we now switch notational conventions. Table 2 provides
a glossary of the major symbol usage for the matrix formulation. The following notational conventions are used: (a) scalars are denoted with italic symbols, (b) vectors are denoted with lowercase
bold symbols, and (c) matrices are denoted with uppercase bold symbols. Symbols used in the
appendix are generic.
Stimulus Representation
Vector Representation of Spectral Functions Suppose that spectral power density has been measured at Nl discrete sample wavelengths l1 . . . lNl, each separated by an equal wavelength step
Δl. As shown in Fig. 10, we can represent the measured spectral power distribution using an Nl
dimensional column vector b. The nth entry of b is simply the measured power density at the nth
sample wavelength multiplied by Δl. Note that the values of the sample wavelengths l1 . . . lNl and
wavelength step Δl are not explicit in the vector representation. These values must be provided as
side information when they are required for a particular calculation. In colorimetric applications,
sample wavelengths are typically spaced evenly throughout the visible spectrum at steps of 1, 5, or
10 nm. We follow the convention that the entries of b incorporate Δl, however, so that we need not
represent Δl explicitly when we approximate integrals over wavelength.
Manipulation of Light Intensity scaling is an operation that changes the overall power of a
light at each wavelength without altering the relative power between any pair of wavelengths.
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Power (arbitrary units)
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•
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b=
500
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0
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Wavelength (nm)

650
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FIGURE 10 The vector representation of functions of wavelength.
The plot shows a spectral power distribution measured at 10-nm intervals between 400 and 700 nm. Each point on the plot represents the
power at a single sample wavelength. The vector b on the right depicts the
vector representation of the same spectral power distribution. The nth
entry of b is simply the measured power density at the nth sample wavelength times Δl. Thus b1 is derived from the power density at 400 nm, b2
is derived from the power density at 410 nm, and b31 is derived from the
power density at 700 nm.

The superposition of two lights is an operation that produces a new light whose power at each
wavelength is the sum of the power in the original lights at the corresponding wavelength. The
effects of both manipulations may be expressed using matrix algebra.
We use scalar multiplication to represent intensity scaling. If a light b1 is scaled by a factor a, then
the result b is given by the equation b = b1a. The expression b1a represents a vector whose entries are
obtained by multiplying the entries of the vector b1 by the scalar a. Similarly, we use vector addition to
represent superposition. If we superimpose two lights b1 and b2, then the result b is given by the equation
b = b1 + b2. The expression b1 + b2 represents a vector whose entries are obtained by adding the entries of
the vectors b1 and b2 component by component. Figures 11 and 12 depict both of these operations.
b1
b

Power (arbitrary units)

1500

•
•
•

1000

•
•
•

b = b1 0.5
•
•
•

500

0
400

450

500
550
600
Wavelength (nm)

650

•
•
•

700

FIGURE 11 Representation of intensity scaling. Suppose that light b
is created by reducing the power in light b1 by a factor of 0.5 at each wavelength. The result is shown graphically in the plot. The vector representation
of the same relation is given by the equation b = b10.5.
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FIGURE 12 Representation of superposition. Suppose that light b is created by superimposing two lights b1 and b2. The result is shown graphically in
the plot. The vector representation of the same relation is given by the equation
b = b1 + b2.

Linear Models for Spectral Functions Intensity scaling and superposition may be used in combination to produce a wide range of spectral functions. Suppose that we have a set of Nb lights that we can
individually scale and superimpose. Let the vectors b1 . . . bNb represent the spectral power distributions of these lights. In this case, we can produce any spectral power distribution b that has the form
b = b1a1 + . . . + bNbaNb

(12)

Now suppose we know that a spectral function b is constrained to have the form of Eq. (12) where
the vectors b1 . . . bNb are known. Then we can specify b completely by providing the values of the
scalars a1 . . . aNb. If the number of primaries Nb is less than the number of sample wavelengths Nl,
then this specification is more efficient (i.e., requires fewer numbers) than specifying the entries of b
directly. We say that the spectral functions that satisfy Eq. (12) are described by (or lie within) a linear
model. We call Nb the dimension of the linear model. We call the vectors b1 . . . bNb the basis vectors
for the model. We call the scalars a1 . . . aNb required to construct any particular spectral function the
model weights for that function.
Matrix Representation of Linear Models Equation (12) can be written using vector and matrix notation. Let B be an Nl by Nb dimensional matrix whose columns are the basis vectors b1 . . . bNb. We call
B the basis matrix for the linear model. The composition of the basis matrix is shown pictorially on
the left of Fig. 13. Let a be an Nb dimensional vector whose entries are the weights a1 . . . aNb. Figure 13
also depicts the vector a. Using B and a we can re-express Eq. (12) as the matrix multiplication
b = Ba

(13)

The equivalence of Eqs. (12) and (13) may be established by direct expansion of the definition of
matrix multiplication (see App. A). A useful working intuition for matrix multiplication is that the
effect of multiplying a matrix times a vector (e.g., Ba) is to produce a new vector (e.g., b) that is a
weighted superposition of the columns of the matrix (e.g., B), where the weight for column bi is given
by the ith weight, ai, in a.
Use of Linear Models When we know that a spectral function is described by a linear model, we
can specify it by using the weight vector a. The matrix B, which is determined by the basis vectors,
specifies the side information necessary to convert the vector a back to the discrete wavelength
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a1
a2
a=
B = b1b2

•••

b =

B

a

bNb
aNb

FIGURE 13 Vector representation of linear models.
The matrix B represents the basis vectors of the linear model.
The vector a represents the model weights required to form a
particular spectral power distribution b. The relation between
b, a, and B is given by Eq. (13) and is depicted on the right of
the figure.

representation b. When we represent spectral functions in this way, we say that we are representing
the functions within the specified linear model.
Representing spectral functions within a small-dimensional linear model places strong constraints
on the form of functions. As the dimension of the model grows, linear models can represent progressively wider classes of spectral power distributions. In many cases of interest, there is prior information that allows us to assume that spectra are indeed described by a linear model. A common example of this situation is the light emitted from a computer controlled color monitor. Such a monitor
produces different spectral power distributions by scaling the intensity of the light emitted by three
different types of phosphor (see Chap. 22). Thus the emitted light lies within a three-dimensional
linear model whose basis vectors are given by the emission spectra of the monitor’s phosphors. Linear
model constraints also turn out to be useful for describing naturally occurring surface and illuminant
spectra.
Note that representing spectral functions within linear models is a generalization of, rather than an
alternative to, the more traditional wavelength representation. To understand this, we need to only note
that we can choose the basis vectors of the linear model to be discrete delta functions centered at each
sample wavelength. We refer to this special choice of basis vectors as the identity basis or wavelength
basis. We refer to the corresponding linear model as the identity model. For the identity model, the
basis matrix B is the (square) Nl by Nl identity matrix, where Nl is the number of sample wavelengths.
The identity matrix contains ones along its main diagonal and zeros elsewhere. Multiplying the identity
matrix times any vector simply results in the same vector. From Eq. (13), we can see that when B is the
identity matrix, the representation of any light b within the linear model is simply b = a.
Sampling the Visible Spectrum To use a discrete representation for functions of wavelength, it is
necessary to choose a sampling range and sampling increment. Standard practice varies considerably. The Commission Internationale de l’Éclairage (International Commission on Illumination,
commonly referred to as the CIE) provides recommendations on the sampling of the visible spectrum.10 For many applications, using 5-nm increments between 380 and 780 nm is sufficient, and
coarser sampling at 10 nm between 400 and 700 nm is not uncommon. In cases where a subset of
the spectral data required for a calculation is not available, interpolation or extrapolation may be
used to estimate the missing values.
Vector Representation of Colorimetric Data
The Basic Color-Matching Experiment In the maximum saturation experiment color matching
(see Fig. 3), observer’s task is to adjust the spectral power distribution bm of the matching light on
one side of the bipartite field to match the appearance of the spectral power distribution bt of the
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test light on the other side of the field. As described above, the matching light’s spectral power distribution is described completely by a three-dimensional linear model whose basis vectors are the primary lights’ spectral power distributions. The tristimulus values of a test light are precisely the linear
model weights required to form the matching light. We denote the primary spectral power distributions by the vectors p1 . . . p3. The associated linear model matrix P contains these vectors in its three
columns. We denote the tristimulus values of a light using the three-dimensional vector t. Thus we
can use the tristimulus values of any test light b to reconstruct a matching light Pt such that:
b ~ Pt

(14)

We emphasize that in general that Pt will not be equal to b.
Grassmann’s Laws Revisited

In vector notation, the proportionality law states
b1 ~ b2

if
then

b1a ~ b2a

(15)

where a is a scalar that represents any intensity scaling. The additivity law states
if
then

b1 ~ b2

and

b3 ~ b4

b1+ b3 ~ b2 + b4

(16)

The proportionality law allows us to determine the relation between the tristimulus values of a
light and the tristimulus values of a scaled version of that light. Suppose that b ~ Pt. Applying the
proportionality law, we conclude that for any scalar a, we have ba ~ (P t) a. Because matrix multiplication is associative, we can conclude that
if

b ~ Pt

then

ba ~ P (ta)

(17)

This means that the tristimulus values of a light ba may be obtained by scaling the tristimulus
values t of the light b. A similar argument shows that the additivity law determines the relation
between the tristimulus values of two lights and the tristimulus values of their superposition
if
then

b1 ~ Pt1

and

b2 ~ Pt2

b1 + b2 ~ P (t1 + t2)

(18)

Implication of Grassmann’s laws If the tristimulus values of the basis vectors for a linear model
are known, then Grassmann’s laws allow us to determine the tristimulus values of any light within
the linear model. Let t1 . . . tN be the tristimulus values corresponding to the model basis vectors and
b
let TB be the 3 by Nb matrix whose columns are t1 . . . tN . For any light b within the linear model, we
b
can write that b = Ba where a now represents the vector of weights to be applied to each basis vector
to produce b. By expanding this matrix product and applying Eqs. (17) and (18), it is possible to
show that the tristimulus values of b are given by the matrix product
t = TBa

(19)

Equation (19) is very important. It tells how to compute the tristimulus values for any light within
a linear model from the tristimulus values for each of the basis vectors. Thus a small number of color
matches (one for each of the basis vectors) allow us to predict color matches for a large number of
lights, that is, any light within the linear model.
Color-Matching Functions and Cone Fundamentals Let T be the matrix of tristimulus values for
the basis vectors of the identity model (i.e., equal energy monochromatic lights). In this case T has
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dimensions 3 by Nl, where Nl is the number of sample wavelengths. Each column of T is the tristimulus values for a monochromatic light. Within the identity model, the representation of any light
b is simply b itself. From Eq. (19) we conclude directly that the tristimulus values for any light are
given by
t = Tb

(20)

Once we know the tristimulus values for a set of monochromatic lights centered at each of the sample wavelengths, we can use Eq. (20) to compute the tristimulus values of any light. Equation (20) is
the matrix algebra version of Eq. (2).
We can regard each of the rows of T as a function of wavelength, and in doing so we can identify
these as the standard color-matching functions obtained with respect to the primaries used in the
matching experiment.
We can similarly represent the spectral sensitivity functions of the three classes of cones by the
rows of a 3 by Nl matrix R. Let r be a three-dimensional vector whose entries are the cone quantal
absorption rates of an arbitrary light represented by b. We can compute the absorption rates through
the matrix equation
r = Rb

(21)

This computation accomplishes the wavelength-by-wavelength multiplication and summation for
each cone class.
We use the term cone coordinates to refer to the vector r. We can relate cone coordinates to tristimulus values in a straightforward manner. Suppose that in a color-matching experiment performed
with primaries P we find that a light b has tristimulus values t. From our mechanistic explanation of
color matching in terms of the cones, we have that
r = Rb = RPt

(22)

Recall that the matrix P holds the power spectrum of the three primaries used in a matching experiment. If we define the matrix MT,R = (RP), we see that the tristimulus values of a light are related to
its cone coordinates by the linear transformation
r = MT,Rt

(23)

By comparing Eq. (20) with Eq. (22) and noting that these equations hold for any light b, we derive
R = MT,RT

(24)

Equation (24) has the key implication, which we took advantage of in Sec. 10.4 “Color Coordinate
Systems” [Eqs. (3) and (4)], that the color-matching experiment determines the cone sensitivities up
to a free linear transformation, the matrix MT,R of Eq. (24).

Transformations between Color Spaces
Because of the large number of color spaces currently in use, the ability to transform data between
various color spaces is of considerable practical importance. The derivation of such transformations
depends on what is known about the source and destination color spaces. Below we discuss cases
where both the source and destination color space are derived from the same underlying observer
(i.e., when the source and destination color spaces both predict identical color matches). Table 3
summarizes these transformations. When the source and destination color spaces are characterized
by a different underlying observer (e.g., if they are based on different CMFs) the transformation is
more difficult and often cannot be done exactly. We discuss possible approaches in section “Color
Cameras and Other Visual Systems.”
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Source Primaries and Destination Color-Matching Functions Known Let P1 be the matrix representing the spectral power distributions of a set of known primaries, with one primary in each column.
Let T2 be the matrix representing a known set of color-matching functions (e.g., the CIE 1931 XYZ
color-matching functions), with one function in each of its three rows. We would like to determine
a transformation between the color coordinate system specified by P1 and that specified by T2.
For example, linearized frame buffer values input to a computer-controlled color monitor may be
thought of as tristimulus values in a color space defined by the monitor’s phosphor emission spectra. The transformation we seek allows computation of the CIE 1931 tristimulus values from the
linearized frame buffer values.
We start by using Eq. (20) to compute the tristimulus values, with respect to T2, for the three
primary lights specified by P1. Each of these primaries is contained in a column of P1, so that we may
perform this calculation directly through the matrix multiplication
MP,T = T2P1

(25)

Let the matrix P2 represent the destination primaries. We do not need to know these explicitly, only
that they exist. The meaning of Eq. (25) is that
P1 ~ P2MP,T

(26)

where we have generalized the symbol “~” to denote a column-by-column visual match for the
matrices on both sides of the relation. This relation follows because the columns of MP,T specify how
the destination primaries should be mixed to match the source primaries. Equation (26) tells us that
we can substitute the three lights represented by the columns of P2 MP,T for the three lights represented by the columns of P1 in any color matching experiment. In particular, we may make this substitution for any light b with tristimulus values t1 in the source color coordinate system. We have
b ~ P1t1 ~ P2MP,Tt1

(27)

By inspection, this tells us that the three-dimensional vector
t2 = MP,T t1

(28)

is the tristimulus values of b in the destination color coordinate system.
Equation (28) provides us with the means to transform tristimulus values from a coordinate system
where the primaries are known to one where the color-matching functions are known. The transformation matrix MP,T required to perform the transformation depends only on the known primaries P1 and
the known color-matching functions T2. Given these, MP,T may be computed directly from Eq. (25).
Source Color-Matching Functions and Destination Primaries Known A second transformation
applies when the color-matching functions in the source color space and the primaries in the destination color space are known. This will be the case, for example, when we wish to render a stimulus
specified in terms of CIE 1931 tristimulus values on a calibrated color monitor.
Let T1 represent the known color-matching functions and P2 represent the known primaries. By
applying Eq. (28) we have that the relation between source tristimulus values and the destination tristimulus values is given by t1 = MP,Tt2. This is a system of linear equations that we may solve to find an
expression for t2 in terms of t1. In particular, as long as the matrix MP,T is nonsingular, we can convert
tristimulus values using the relation
t2 = MT,Pt1

(29)

MT,P = (MP,T)–1 = (T1P2 )–1

(30)

where we define
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Source and Destination Primaries Known A third transformation applies when the primaries of
both the source and destination color spaces are known. One application of this transformation is to
generate matching stimuli on two different calibrated monitors.
Let P1 and P2 represent the two sets of primaries. Let T represent a set of color-matching functions
for any human color coordinate system. (There is no requirement that the color-matching functions
be related to either the source or the destination primaries. For example, the CIE 1931 XYZ colormatching functions might be used.) To do the conversion, we simply use Eq. (28) to transform from
the color coordinate system described by P1 to the coordinate system described by T. Then we use
Eq. (29) to transform from the coordinates system described by T to the coordinate system described
by P2. The overall transformation is given by
t2 = MP,P t1 = (MT,P )(MP ,T) t1 = (TP2)–1 (TP1)t1
2

1

(31)

It should not be surprising that this transformation requires the specification of a set of colormatching functions. These color-matching functions are the only source of information about the
human observer in the transformation equation.
Source and Destination Color-Matching Functions Known Finally, it is sometimes of interest to
transform between two color spaces that are specified in terms of their color-matching functions.
An example is transforming between the space defined by the Stiles and Burch 10° color-matching
functions34 and the space defined by the Stockman and Sharpe 10° cone fundamentals.46
Let T1 and T2 represent the source and destination color-matching functions. Our development
above assures us that there is some three-by-three transformation matrix, call it MT,T, that transforms
color coordinates between the two systems. Recall that the columns of T1 and T2 are themselves tristimulus values for corresponding monochromatic lights. Thus MT,T must satisfy
T2 = MT,TT1

(32)

This is a system of linear equations where the entries of MT,T are the unknown variables. This system
may be solved using standard regression methods. Once we have solved for MT,T, we can transform
tristimulus values using the equation
t2 = MT,T t1

(33)

The transformation specified by Eq. (33) will be exact as long as the two sets of color-matching
functions T1 and T2 characterize the performance of the same observer. One sometimes wishes, however, to transform between two color spaces that are defined with respect to different observers. For
example, one might want to convert CIE 1931 XYZ tristimulus values to Judd-Vos modified tristimulus values. Although the regression procedure described here will still produce a transformation
matrix in this case, the result of the transformation is not guaranteed to be correct.4 We will return to
this topic in section “Color Cameras and Other Visual Systems.”
Interpreting the Transformation Matrix It is useful to interpret the rows and columns of the matrices derived in the preceding sections. Let M be a matrix that maps the color coordinates from a source
color space to a destination color space. Both source and destination color spaces are associated with a
set of primaries and a set of color-matching functions. From our derivations above, we can conclude
that the columns of M are the coordinates of the source primaries in the destination color space [see
Eq. (25)] and the rows of M provide the destination color-matching functions with respect to the
linear model whose basis functions are the primaries of source color space (see subsection “Use of
Linear Modes” in Sec. 10.5). Similarly, the columns of M–1 are the coordinates of the destination primaries in the source color-matching space and the rows of M–1 are the source color-matching functions with respect to the linear model whose basis functions are the primaries of the destination color
space. Thus in many cases it is possible to construct the matrix M without full knowledge of the spectral functions. This can be of practical importance. For example, monitor manufacturers often specify
the CIE 1931 tristimulus values of their monitors’ phosphors. In addition, colorimeters that measure
tristimulus values directly are often more readily available than spectral radiometers.
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Transforming Primaries and Color-Matching Functions We have shown that color coordinates
in any two color spaces may be related by applying a linear transformation M. The converse is also
true. If we pick any nonsingular linear transformation M and apply it to a set of color coordinates
we have defined a new color space that will successfully predict color matches. The color-matching
functions for this new space will be given by T2 = MT1. A set of primaries for the new space will be
given by P2 = P1M–1. These derived primaries are not unique. Any set of primaries that match the
constructed primaries will also work.
The fact that new color spaces can be constructed by applying linear transformations has an
important implication for the study of color. If we restrict attention to what we may conclude from
the color-matching experiment, we can only determine the psychological representation of color up
to a free linear transformation. There are two attitudes one can take toward this fact. The conservative
attitude is to refrain from making any statements about the nature of color vision that depend on a
particular choice of color space. The other is to appeal to experiments other than the color-matching
experiment to choose a privileged representation.

10.6 TOPICS
Surfaces and Illuminants
As shown in Fig. 1, the light reaching the eye is often formed when light from an illuminant reflects
from a surface. Illuminants and surfaces are of interest in color reproduction applications involving
inks, paints, and dyes and in lighting design applications.
Reflection Model Illuminants are specified by their spectral power distributions. We will use the
vector e to represent illuminant spectral power distributions. In general, the interaction of light with
matter is quite complex. For many applications, however, a rather simple model is acceptable. Using
this model, we describe a surface by its surface reflectance function. The surface reflectance function
specifies, for each sample wavelength, the fraction of illuminant power that is reflected to the observer.
We will use the vector s to represent surface reflectance spectra. Each entry of s gives the reflectance
measured at a single sample wavelength. Thus the spectral power distribution b of the reflected light
is given by the wavelength-by-wavelength product of the illuminant spectral power distribution and
the surface reflectance function.
The most important consideration neglected in this formulation is viewing geometry. The relation
between the radiant power emitted by a source of illumination, the material properties of a surface,
and the radiant power reaching an observer can depend strongly on the viewing geometry. In our
formulation, these geometrical factors must be incorporated implicitly into the specification of the
illuminant and surface properties, so that any actual calculation is specific to a particular viewing
geometry. Moreover, the surface reflectance must be understood as being associated with a particular
image location, rather than with a particular object. A topic of current research in computer graphics is to find accurate and efficient ways to specify illuminants and surfaces for rendering,131,132 and
parallel work in human vision seeks to understand how the reflectance of spatially complex objects is
perceived.133–136 A second complexity that we neglect is fluorescence.
Computing the Reflected Light The relation between the surface reflectance function and the
reflected light spectral power distribution is linear if the illuminant spectral power distribution
is held fixed. We form the Nl by Nl diagonal illuminant matrix E whose diagonal entries are the
entries of e. This leads to the relation b = Es. By substituting into Eq. (20), we arrive at an expression
for the tristimulus values of the light reflected from a surface:
t = (TE)s

(34)

where T holds the colour matching functions in its three rows. The matrix (TE) in this equation plays
exactly the same role as the color-matching functions do in Eq. (20). Any result that holds for spectral
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FIGURE 14 The figure shows a daylight spectral power
distribution and its approximation using the CIE linear model
for daylight. For this particular illuminant, only two basis
functions were required to provide a very good fit.

power distributions may thus be directly extended to a result for surface reflectance functions when
the illuminant is known and held fixed (see subsection “Color Coordinates of Surfaces” in Sec. 10.6).
Linear Model Representations for Surfaces and Illuminants Judd, MacAdam, and Wyszecki137
measured the spectral power distributions of a large number of naturally occurring daylights. They
determined that a four-dimensional linear model provided a good description of their spectral measurements. Consideration of their results and other daylight measurements led the CIE to standardize
a three-dimensional linear model for natural daylights.10 Figure 14 depicts a daylight spectral power
distribution measured by the first author and its approximation using the first two basis vectors of
the CIE linear model for daylight.
Cohen138 analyzed the reflectance spectra of a large set of Munsell papers139,140 and concluded that
a four-dimensional linear model provided a good approximation to the entire data set. Maloney141
reanalyzed these data, plus a set of natural spectra measured by Krinov142 and confirmed Cohen’s
conclusion. More recently, reflectance measurements of the spectra of additional Munsell papers and
natural objects143,144 have been described by small-dimensional linear models. Figure 15 shows a measured surface reflectance spectrum (red cloth, measured by the first author) and its approximation
using Cohen’s four-dimensional linear model.
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FIGURE 15 The figure shows a measured surface reflectance function and a fit to it using Cohen’s
four-dimensional linear model.138
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It is not yet clear why natural illuminant and surface spectra are well-approximated by smalldimensional linear models nor how general this conclusion is. Maloney141 provides some speculations. None the less, the assumption that natural spectra do lie within small-dimensional linear models
seems reasonable in light of the currently available evidence. This assumption makes possible a number
of interesting practical calculations, as we illustrate in some of the following sections.
Determining a Linear Model from Raw Spectral Data Given a set of spectral measurements, it
is possible, for any integer Nb, to find the Nb dimensional linear model that best approximates the
spectral data set (in a least squares sense). Suppose that the data set consists of Nmeas spectra, each of
which is represented at Nl sample wavelengths. Let X be an Nl by Nmeas data matrix whose columns
represent the individual spectral measurements. The goal of the calculation is to determine the Nl
by Nb matrix B and an Nb by Nmeas matrix of coefficients A such that the linear model approxima~
tion X = BA is the best least squares approximation to the data matrix X over all possible choices of
B and A.
The process of finding the matrix B is called one mode components analysis.145,146 It is very
closely related to the principle components analysis technique discussed in most multivariate statistics texts.147 One mode 1 components analysis may be accomplished numerically through the use
of the singular value decomposition.27,148 We define the singular value decomposition in Sec. 10.7
“Appendix—Matrix Algebra.” To see how the singular value decomposition is used to determine an
Nb dimensional linear model for X, consider Fig. 16. Figure 16a depicts the singular value decomposition of an Nl by Nmeas matrix X for the case Nmeas > Nl, where the two matrices D and VT have been
collapsed. This form makes it clear that each column of X is given by a linear combination of the
columns of U. Furthermore, for each column of X, the weights needed to combine the columns of
U are given by the corresponding column of the matrix DVT. Suppose we choose an Nb dimensional
linear model B for the data in X by extracting the first Nb columns of U. In this case, it should be clear
~
that we can form an approximation X to the data X as shown in Fig. 16b. Because the columns of U
are orthogonal, the matrix A consists of the first Nb rows of DVT. The accuracy of the approximation depends on how important the columns of U excluded from B were to the original expression
for X. Under certain assumptions, it can be shown that choosing B as above produces a linear model
that minimizes the squared error of the approximation, for any choice of Nb.145 Thus computing the
singular value decomposition of X allows us to find a good linear model of any desired dimension for
Nb < Nl. Computing linear models from data is quite feasible on modern desktop computers.
Although the above procedure produces the linear model that provides the best least squares fit
to a data set, there are a number of additional considerations that should go into choosing a linear

X

=

U

DVT

(a)
X

=

B

A

(b)
FIGURE 16 (a) The figure depicts the singular value
decomposition (SVD) of an Nl by Nmeas matrix X for the
case Nmeas > Nl. In this view we have collapsed the two
matrices D and VT. To determine an Nb dimensional linear
model B for the data in X we let B consist of the first Nb
columns of U. (b) The linear model approximation of the
data is given by X̂ = BA, where A consists of the first Nb
rows of DVT.
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model. First, we note that the choice of linear model is not unique. Any nonsingular linear combination of the columns of B will produce a linear model that provides an equally good account of the
data. Second, the least squares error measure gives more weight to spectra with large amplitudes. In
the case of surface spectra, this means that the more reflective surfaces will tend to drive the choice of
basis vectors. In the case of illuminants, the more intense illuminants will tend to drive the choice. To
avoid this weighting, the measured spectra are sometimes normalized to unit length before performing the singular value decomposition. The normalization equalizes the effect of the relative shape
of each spectrum in the data set.141 Third, it is sometimes desired to find a linear model that best
describes the variation of a data set around its mean. To do this, the mean of the data set should
be subtracted before performing the singular value decomposition. When the mean of the data is
subtracted, one mode components analysis is identical to principle components analysis. Finally,
there are circumstances where the linear model will be used not to approximate spectra but rather to
approximate some other quantity (e.g., color coordinates) that depend on the spectra. In this case,
more general techniques, closely related to those discussed here, may be used.149
Approximating a Spectrum with Respect to a Linear Model Given an Nb dimensional linear
model B, it is straightforward to find the representation of any spectrum with respect to the linear
model. Let X be a matrix representing the spectra of functions to be approximated. These spectra
do not need to be members of the data
~ set that was used to determine the linear model. To find
the matrix of coefficients A such that X = BA best approximates X we use simple linear regression.
Regression routines to solve this problem are provided as part of any standard matrix algebra software
package.
Digital Image Representations If in a given application illuminants and surfaces may be represented with respect to small-dimensional linear models, then it becomes feasible to use point-bypoint representations of these quantities in digital image processing. In typical color image processing,
the image data at each point are represented by three numbers at each location. These numbers
are generally tristimulus values in some color space. In calibrated systems, side information about
the color-matching functions or primary spectral power distributions that define the color space is
available to interpret the tristimulus values. It is straightforward to generalize this notion of color
images by allowing the images to contain Nb numbers at each point and allowing these numbers to
represent quantities other than tristimulus values.7 For example, in representing the image produced
by a printer, it might be advantageous to represent the surface reflectance at each location.150 If the
gamut of printed reflectances can be represented within a small-dimensional linear model, then representing the surface reflectance functions with respect to this model would not require much more
storage than a traditional color image.7 The basis functions for the linear model only need be represented once, not at each location. But by representing reflectances rather than tristimulus values,
it becomes possible to compute what the tristimulus values reflected from the printed image would
be under any illumination. We illustrate the calculation in the next section. Because of the problem
of metamerism (see subsection “Computing the Reflected Light”), this calculation is not possible if
only the tristimulus values are represented in the digital image. To avoid this limitation, hyperspectral
images record full spectra at each image location.151–153
Simulation of Illuminated Surfaces Consider the problem of producing a signal on a monitor that
has the same tristimulus values as a surface under a variety of different illuminants. The solution
to this problem is straightforward and is useful in a number of applications. These include rendering digitally archived paintings,154,155 generating stimuli for use in psychophysics,156 and producing
photorealistic computer-generated imagery.17 We show the calculation for the data at a single image
location. Let a be a representation of the surface reflectance with respect to an Nb dimensional linear
model B. Let E represent the illuminant spectral power distribution in diagonal matrix form. Let T
represent the color-matching functions for a human observer, and P represent the primary phosphor spectral power distributions for the monitor on which the surface will be rendered. We wish
to determine tristimulus values t with respect to the monitor primaries so that the light emitted
from the monitor will appear identical to the light reflected from the simulated surface under the
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simulated illuminant. From Eqs. (13) (cast as s = Ba), (34), (29), and (30) we can write directly the
desired rendering equation
t = [(TP)–1(TE)B]a

(35)

The rendering matrix [(TP)–1 (TE)B] has dimensions 3 by Nb and maps the surface weights directly
to monitor tristimulus values. It is quite general, in that we may use it for any calibrated monitor
and any choice of linear models. It does not depend on the particular surface being rendered and
may be computed once for an entire image. Because the rendering matrix is of small dimension, rendering of this sort is feasible, even for very large images. As discussed in subsection “Transformations
between Color Spaces” in Sec. 10.5, it may be possible to determine the matrix MT,P = (TP)–1 directly.
A similar shortcut is possible for the matrix (TE)B. Each column of this matrix is the tristimulus
values of one linear model basis vector under the illuminant specified by the matrix E.
Color Coordinates of Surfaces Our discussion thus far has emphasized describing the color coordinates of lights. In many applications of colorimetry, it is desirable to describe the color properties of
reflective objects. One efficient way to do this, as described above, is to use linear models to describe
the full surface reflectance functions. Another possibility is to specify the color coordinates of the
light reflected from the surface under standard illumination. This method allows the assignment of
tristimulus values to surfaces in an orderly fashion.
The CIE has standardized several illuminant spectral power distributions that may be used for this
purpose (see the next section). Using the procedures defined above, one can begin with the spectral
power distribution of the illuminant and the surface reflectance function and from there calculate the
desired color-matching coordinates.
The relative size of the tristimulus values assigned to a surface depend on its spectral reflectance
function and on the illuminant chosen for specification. To factor the intensity of the illuminant out
of the surface representation, the CIE specified a normalization of the color coordinates for use with
1931 XYZ tristimulus values. This normalization consists of multiplying the computed tristimulus
values by the quantity 100/Y0, where Y0 is the Y tristimulus value for the illuminant.
The tristimulus values of a surface provide enough information to match the surface when it is
viewed under the illuminant used to compute those coordinates. It is important to bear in mind that
two surfaces that have the same tristimulus values under one illuminant do not necessarily share the
same tristimulus values under another illuminant. A more complete description can be generated
using the linear model approach described above.
Standard Sources of Illumination The CIE has standardized a number of illuminant spectral
power distributions.157 These were designed to be typical of various common viewing conditions
and are useful as specific choices of illumination when the illuminant cannot be measured directly.
CIE Illuminant A is designed to be representative of tungsten-filament illumination. CIE Illuminant
D65 is designed to be representative of average daylight. Other CIE standard daylight illuminants
may be computed using the CIE principle components of daylight as basis vectors and the formulas
specified by the CIE.10 Spectra representative of fluorescent lamps and other artificial sources are
also available.8,10
Metamerism
Recovering Spectral Power Distributions from Tristimulus Values It is not possible in general to
recover a spectral power distribution from its tristimulus values. If some prior information about the
spectral power distribution of the color signal is available, however, then recovery may be possible.
Such recovery is of most interest in applications where direct spectral measurements are not possible
and where knowing the full spectrum is important. For example, the effect of lens chromatic aberrations on cone quantal absorption rates depends on the full spectral power distribution.110
Suppose the spectral power distribution of interest is known to lie within a three-dimensional
linear model. We may write b = Ba, where the basis matrix B has dimensions Nl by 3. Let t be the
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tristimulus values of the light with respect to a set of color-matching functions T. We can conclude
that a = (TB )–1 t, which implies
b = B(TB )–1t

(36)

When we do not have a prior constraint that the signal belongs to a three-dimensional linear
model, we may still be able to place some linear model constraint, of dimension higher than three,
on the spectral power distribution. For example, when we know that the signal was produced by the
reflection of daylight from a natural object, it is reasonable to assume that the color signal lies within
a linear model of dimension that may be as low as nine.158 In this case, we can still write b = Ba, but
we cannot apply Eq. (36) directly because the matrix (TB) will be singular. To deal with this problem, we can choose a reduced linear model with only three dimensions. We then proceed as outlined
above, but substitute the reduced model for the true model. This will lead to an estimate for the actual
spectral power distribution b. If the reduced linear model provides a reasonable approximation to b,
the estimation error may be quite small. The estimate will have the property that it is a metamer of b.
The techniques described above for finding linear model approximations may be used to choose an
appropriate reduced model.
Finding Metamers of a Light It is often of interest to find metamers of a light. We discuss two
approaches here. Wyszecki and Stiles8 treat the problem in considerable detail.
Using a linear model If we choose any three-dimensional linear model we can combine Eq. (36)
with the fact the fact that t = Tb [Eq. (20)] to compute a pair of metameric spectral power distributions b and bˆ
ˆ ˆ –1 Tb
bˆ = B(TB)

(37)

Each choice of B̂ will lead to a different metamer. Figure 17 shows a number of metameric spectral
power distributions generated in this fashion.
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FIGURE 17 The figure shows three metameric color
signals with respect to the CIE 1931 standard observer. The
three metamers were computed using Eq. (37). The initial
spectral power distribution b (not shown) was an equal
energy spectrum. Three separate linear models were used:
one that describes natural daylights, one typical of monitor
phosphor spectral power distributions, and one that provides
Cohen’s “fundamental metamer.”207
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Metameric blacks Another approach to generating metamers is to note that there will be
some spectral power distributions b0 that have the property Tb0 = 0. Wyszecki referred to such
distributions as metameric blacks, since they have the same tristimulus values as no light at all.159
Grassmann’s laws imply that adding a metameric black b0 to any light b yields a metamer of b.
Given a linear model B with dimension greater than three it is possible to find a second linear model
B0 such that (a) all lights that lie in B0 also lie in B and (b) all lights in B0 are metameric blacks.
We determine B0 by finding a linear model for the null space of the matrix TB. The null space of a
matrix consists of all vectors that are mapped to 0 by the matrix. Finding a basis for the null space of
a matrix is a standard operation in numerical matrix algebra. If we have a set of basis vectors N0 for
the null space of TB, we can form B0 = BN0. This technique provides a way to generate a large list of
metamers for any given light b. We choose a set of weights a at random and construct b0 = B0a. We
then add b0 to b to form a metamer. To generate more metamers, we simply repeat with new choices
of weight vector a.
Surface and Illuminant Metamerism The formal similarity between Eq. (20) (which gives the
relation between spectral power distributions and tristimulus values) and Eq. (34) (which gives the
relation between surface reflectance functions and tristimulus values when the illuminant is known)
makes it clear that our discussion of metamerism can be applied to surface reflectance spectra. Two
physically different surfaces will appear identical if the tristimulus values of the light reflected from
them is identical. This fact can be used to good purpose in some color reproduction applications.
Suppose that we have a sample surface or textile whose color we wish to reproduce. It may be that
we are not able to reproduce the sample’s surface reflectance function exactly because of various
limitations in the available color reproduction technology. If we know the illuminant under which
the reproduction will be viewed, we may be able to determine a reproducible reflectance function
that is metameric to that of the desired sample. This will give us a sample whose color appearance
is as desired. Applications of this sort make heavy use of the methods described earlier to determine
metamers.
But what if the illuminant is not known or if it is known to vary? In this case there is an additional
richness to the topic of determining metamers. We can pose the problem of finding surface reflectance functions that will be metameric to a desired reflectance under multiple specified illuminants
or under all of the illuminants within some linear model. The general methods developed here have
been extended to analyze this case.158,160 Similar issues arise in lighting design, where we desire to
produce an artificial light whose color-rendering properties match those of a specified light (such as
natural daylight). When wavelength by wavelength matching of the spectra is not feasible, it may still
be possible to find a spectrum so that the light reflected from surfaces within a linear model is identical for the two light sources. Because of the symmetric role of illuminants and surfaces in reflection,
this problem may be treated by the same methods as used for surface reproduction.

Color Cameras and Other Visual Systems
We have treated colorimetry from the point of view of specifying the spectral information available to a human observer. We have developed our treatment, however, in such a way that it may be
applied to handle other visual systems. Suppose that we wish to define color coordinates with respect
to some arbitrary visual system with Ndevice photosensors. This visual system might be an artificial
system based on a color camera or scanner, a nonhuman biological visual system, or the visual system
of a color anomalous human observer. We assume that the sensitivities of the visual system’s photosensors are known up to a linear transformation. Let Tdevice be an Ndevice by Nl matrix whose entries
are the sensitivities of each of the device’s sensors at each sample wavelength. We can compute the
responses of these sensors to any light b. Let tdevice be a vector containing the responses of each sensor
type to the light. Then we have tdevice = Tdevice b. We may use tdevice as the device color coordinates of b.
Transformation between Color Coordinates of Different Visual Systems Suppose that we have
two different visual systems and we wish to transform between the color coordinates of each.
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A typical example might be trying to compute the CIE 1931 XYZ tristimulus values of a light from
the responses of a color camera. Let Ns be the number of source sensors, with sensitivities specified
by Ts. Similarly, let Nd by the number of destination sensors with sensitivities specified by Td. For
any light b we know that the source device color coordinates are given by ts = Tsb and the destination device color coordinates td = Tdb. We would like to transform between ts and td without direct
knowledge of b.
If we can find an Nd by Ns matrix M such that Td = MTs then it is easy to show that the matrix M
may be used to compute the destination device color coordinates from the source device color coordinates through td = Mts. We have already considered this case (in a less general form) in subsection
“Transformations between Color Spaces.” The extension here is that we allow the possibility that the
dimensions of the two color coordinate systems differ. When a linear transformation between Ts and
Td exists, it can be found by standard regression methods.
Horn demonstrated that when no exact linear transformation between Ts and Td exists, it is not
in general possible to transform between the two sets of color coordinates.4 The reason for this is that
there will always exist a pair of lights that have the same color coordinates for the source device but
different color coordinates for the destination device. The transformation will therefore be incorrect
for at least one member of this pair. When no exact linear transformation exists, it is still possible to
make an approximate transformation. One approach is to use linear regression to find the best linear
transformation M between the two sets of color-matching functions in a least squares sense. This
transformation is then applied to the source color coordinates as if it were exact.4 Although this is an
approximation, in many cases the results will be acceptable. In the absence of prior information about
the spectral power distribution of the original light b, it is a sensible approach.
A second possibility is to use prior constraints on the spectral power distribution of the light to
guide the transformation.22 Suppose that we know that the light is constrained to lie within an Nb
dimensional linear model B. Then we can find the best linear transformation M between the two
matrices TsB and TdB. This transformation may then be used to transform the source color coordinates to the destination color coordinates. It is easy to show that the transformation will be exact if
TdB = MTsB. Otherwise it is a reasonable approximation that takes the linear model constraint into
account.
A number of recent papers present more elaborated methods for color correction.161–163
Computational Color Constancy An interesting application is the problem of estimating surface
reflectance functions from color coordinates. This problem is of interest for two reasons. First, it
appears that human color vision makes some attempt to perform this estimation, so that our percept of color is more closely associated with object surface properties than with the proximal properties of the light reaching the eye. Second, an artificial system that could estimate surface properties
would have an important cue to aid object recognition. In the case where the illuminant is known,
the problem of estimating surface reflectance properties is the same as the problem of estimating the
color signal, because the illuminant spectral power distribution can simply be incorporated into the
sensor sensitivities. In this case the methods outlined in the preceding section for estimating color
signal spectral properties can be used.
The more interesting case is where both the illuminant and the surface reflectance are unknown.
In this case, the problem is more difficult. Considerable insight has been gained by applying linear model constraints to both the surface and illuminant spectral power distributions. A number of
approaches have been developed for recovering surface reflectance functions or otherwise achieving
color constancy.158,164–172 Each approach differs (1) in the additional assumptions that are made about
the properties of the image and (2) in the sophistication of the model of illuminant surface interaction and scene geometry used. A thorough review of all of these methods is beyond the scope of this
chapter. It is instructive, however, to review one of the simpler methods, that of Buchsbaum.165 See
Ebner173 for a discussion of many current algorithms.
Buchsbaum assumed that in any given scene, the average reflectance function of the surfaces
in the scene is known. This is commonly called the “gray world” assumption. He also assumed that
the illuminant was diffuse and constant across the scene and that the illuminants and surfaces in
the scene are described by linear models with the same dimensionality as the number of sensors.
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Let Savg be the spectral power distribution of the known average surface, represented in diagonal
matrix form. Then it is possible to write the relation between the space average of the sensor responses
and the illuminant as
tavg = TSavgBeae

(38)

where ae is a vector containing the weights of the illuminant within the linear model representation
Be. Because we assume that the dimension Ne = Nt, the matrix TSavgBe will be square and typically
may be inverted. From this we recover the illuminant as e = Be(TSavgBe )–1tavg. If we let E represent
the recovered illuminant in matrix form, then at each image location we can write
t = TEBsas

(39)

where as is a vector containing the weights of the surface within the linear model representation Bs.
Proceeding exactly as we did for the illuminant, we may recover the surface reflectance from this
equation.
Although Buchsbaum’s method depends on rather strong assumptions about the nature of the
scene, subsequent algorithms have shown that these assumptions can be relaxed.22,166,172 Several authors
treat the relation between computational color constancy and the study of human vision.174–178

Color Discrimination
Measurement of Small Color Differences Our treatment so far has not included any discussion of
the precision to which observers can judge identity of color appearance. To specify tolerances for
color reproduction, it would be helpful to know how different the color coordinates of two lights
must be for an observer to reliably distinguish between them. A number of techniques are available for measuring human ability to discriminate between colored lights. We review these briefly
here as an introduction to the topic of uniform color spaces. A more extended discussion of color
discrimination and its relation to postreceptoral mechanisms is presented in the companion chapter
(Chap. 11).
One experimental method, employed in seminal work by MacAdam,179,180 is to examine the variability in individual color matches. That is, if we have observers set matches to the same test stimulus, we will discover that they do not always set exactly the same values. Rather, there will be some
trial-to-trial variability in the settings. MacAdam and others181,182 used the sample covariance of the
individual match tristimulus values as a measure of observers’ color discrimination.
A second approach is to use more direct psychophysical methods (see Chap. 3) to measure observers’ thresholds for discriminating between pairs of colored lights. Examples include increment threshold measurements for monochromatic lights183 and thresholds measured systematically in a threedimensional color space.184,185
Measurements of small color differences are often summarized with isodiscrimination contours.
An isodiscrimination contour specifies the color coordinates of lights that are equally discriminable from a common standard light. Figure 18 shows an illustrative isodiscrimination contour.
Isodiscrimination contours are often modeled as ellipsoids184,185 and the figure is drawn to the typical
ellipsoidal shape. The well-known MacAdam ellipses179 are an example of representing discrimination data using the chromaticity coordinates of a cross-section of a full three-dimensional isodiscrimination contour (see the legend of Fig. 18). Chapter 11 provides a more extensive discussion
of possible models of discrimination contours. Under some experimental conditions, the measured
contour may not be ellipsoidal.
CIE Uniform Color Spaces Figure 19 shows chromaticity plots of theoretical isodiscrimination
contours. A striking feature of the plots is that the size and shape of the contours depends on the
standard stimulus. For this reason, it is not possible to predict whether two lights will be discriminable solely on the basis of the Euclidean distance between their color coordinates. The heterogeneity
of the isodiscrimination contours must also be taken into account.
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FIGURE 18 Isodiscrimination contour. The plotted ellipsoid shows
a hypothetical isodiscrimination contour in the CIE XYZ color space. This
contour represents color discrimination performance for the standard light
whose color coordinates are located at the ellipsoid’s center. Isodiscrimination
contours such as the one shown are often summarized by a two-dimensional
contour plotted on a chromaticity diagram (see Fig. 19). The two-dimensional
contour is obtained from a cross section of the full contour, and its shape
can depend on which cross section is used. This information is not available
directly from the two-dimensional plot. A common criterion for choice of
cross section is isoluminance. The ellipsoid shown in the figure is schematic
and does not represent actual human performance.
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FIGURE 19 Isodiscrimination contours plotted in the chromaticity diagram. These
∗
were computed using the CIE L∗a∗b∗ uniform color space and ΔEab
difference metric. They
provide an approximate representation of human performance. For each standard stimulus,
the plotted contour represents the color coordinates of lights that differ from the standard by
∗
∗
15 ΔEab
units but that have the same luminance as the standard. The choice of 15 ΔEab
units
magnifies the contours compared to those that would be obtained in a threshold experiment.
The contours shown are a projection of isodiscrimination contours computed for isoluminant
color differences. The luminance of the white point used in the CIELAB computations was set
at 1000 cd/m2, while the discriminations were around stimuli with a luminance of 500 cd/m2.
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The CIE10 provides formulas that may be used to predict the discriminability of colored lights. The
most recent recommendations are based on the CIE 1976 L∗a∗b∗ (CIELAB) color coordinates. These
are obtained by a nonlinear transformation from CIE 1931 XYZ color coordinates. The transformation stretches the XYZ color space so that the resulting Euclidean distance between color coordinates
provides an approximation to the how well lights may be discriminated. The L∗a∗b∗ system is referred
to as a uniform color space. There is also a CIE 1976 L∗u∗v∗ (CIELUV) system, but this is now less
widely used than the L∗a∗b∗ system and its derivatives.
Transformation to CIELAB coordinates The CIE 1976 L∗a∗b∗ color coordinates of a light may be
obtained from its CIE XYZ coordinates according to the equations
⎧
1/3
⎪ ⎛Y⎞
116
⎪ ⎜ Y ⎟ −16
⎪ ⎝ n⎠
∗
L =⎨
⎪
⎛Y⎞
⎪ 903.3⎜ ⎟
⎪
⎝ Yn ⎠
⎩

Y
> 0.008856
Yn
Y ≤ 0.008856
Yn
(40)

⎡ ⎛ X ⎞ ⎛ Y ⎞⎤
a∗ = 500⎢ f ⎜ ⎟ − f ⎜ ⎟⎥
⎢⎣ ⎝ X n ⎠ ⎝ Yn ⎠⎥⎦
⎡ ⎛ Y ⎞ ⎛ Z ⎞⎤
b∗ = 200⎢ f ⎜ ⎟ − f ⎜ ⎟⎥
⎢⎣ ⎝ Yn ⎠ ⎝ Zn ⎠⎥⎦
where the function f (s) is defined as
⎧ (s)1/3
⎪
f (s) = ⎨
16
⎪ 7.787(s) +
116
⎩

s > 0.008856
s ≤ 0.008856

(41)

The quantities Xn, Yn, and Zn in the equations above are the tristimulus values of a white point. Little
guidance is available as to how to choose an appropriate white point. In the case where the lights
being judged are formed when an illuminant reflects from surfaces, the tristimulus values of the
illuminant may be used. In the case where the lights being judged on a computer-controlled color
monitor, the sum of the tristimulus values of the three monitor phosphors stimulated at their maximum intensity may be used.
Distance in CIELAB space The Euclidean distance between the L∗a∗b∗ coordinates of two lights
∗
provides a rough guide to their discriminability. The symbol ΔEab
is used to denote distance in the
uniform color space and is defined as
∗
Δ Eab
= (Δ L∗ )2 + (Δ a ∗ )2 + (Δ b ∗ )2

(42)

where the various quantities on the right represent the differences between the corresponding coor∗
dinates of the two lights. Roughly speaking, a ΔEab
value of 1 corresponds to a color difference that
∗
can just be reliably discerned by a human observer under optimal viewing conditions. A ΔEab
value
of 3 is sometimes used as an acceptable tolerance in industrial color reproduction applications.
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∗
The CIE color difference measure ΔEab
provides only an approximate guide to the discriminability
between two lights. There are a number of reasons why this is so. The first is that the relatively simple
nonlinear transformation between CIE XYZ and CIE L∗a∗b∗ coordinates does not completely capture
the empirical data on color discrimination between two samples. In part this is because the formulae
were designed to predict not only discrimination data but also certain suprathreshold judgments of
color appearance.186 Second, color discrimination thresholds depend heavily on factors other than
the tristimulus values. These factors include the adapted state of the observer,183 the spatial and temporal structure of the stimulus,187–189 and the task demands placed on the observer.190–193 Therefore,
the complete specification of a uniform color space must incorporate these factors. The CIE has now
recommended a more involved method of computing small color differences from the CIE L∗a∗b∗
coordinates that attempts to provide better prediction of small color differences.10,194 The resultant
computed difference is referred to as ΔE00. The details of the computation of ΔE00 are provided and
discussed in a CIE technical report.194 The reader considering using ΔE00 is encouraged to study
Wyszecki and Stiles’s8(pp. 584–586) insightful discussion of color vision models.

Effect of Errors in Color-Matching Functions
Given that there is some variation between different standard estimates of color-matching functions,
between the color-matching functions of different individuals, and between the color-matching
functions that mediate performance for different viewing conditions, it is of interest to determine
whether the magnitude of this variation is of practical importance. There is probably no general
method for making this determination, but here we outline one approach.
Consider the case of rendering a set of illuminated surfaces on a color monitor. If we know the
spectral power distribution of the monitor’s phosphors, it is possible to compute the appropriate
weights on the monitor phosphors to produce a light metameric to each illuminated surface. The
computed weights will depend on the choice of color-matching functions. Once we know the weights,
however, we can find the L∗a∗b∗ coordinates of the emitted light. This suggests the following method
to estimate the effect of differences in color-matching functions. First we compute the L∗a∗b∗ coordinates of surfaces rendered using the first set of color-matching functions. Then we compute the
corresponding coordinates when the surfaces are rendered using the second set of color-matching
∗
functions. Finally, we compute the ΔEab
difference between corresponding sets of coordinates. If
∗
the ΔEab
are large, then the differences between the color-matching functions are important for the
rendering application.
We have performed this calculation for a set of 462 measured surfaces139,140 rendered under CIE
Illuminant D65. The two sets of color-matching functions used were the 1931 CIE XYZ color-matching
functions and the Judd-Vos modified XYZ color-matching functions. The monitor phosphor spectral power distributions were measured by the first author. The results are shown in Fig. 20. The plot
shows a histogram of the differences. The median difference is 1.2 units. This difference is quite close
to discrimination threshold and for many applications, the differences between the two sets of colormatching functions will probably not be of great consequence.

Brightness Matching and Photometry
The foundation of colorimetry is the human observer’s ability to judge identity of color appearance.
It is sometimes of interest to compare certain perceptual attributes of lights that do not, as a whole,
appear identical. In particular, there has been a great deal of interest in developing formulas that predict when two lights with different relative spectral power distributions will appear equally bright.
Colorimetry provides a partial answer to this question, since two lights that match in appearance
must appear equally bright. Intuitively, however, it seems that it should be possible to set the relative
intensities of any two lights so that they match in brightness.
In a heterochromatic brightness matching experiment, observers are asked to scale the intensity of
a matching light until its brightness matches that of an experimentally controlled test light. Although
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FIGURE 20 Effect of changes in color-matching functions. The plot
∗
shows a histogram of the ΔEab
differences between two sets of lights, each of
which is a monitor rendering of the same set of illuminated surfaces. The two
renderings were computed using different sets of color-matching functions. The
white point used in the CIELAB transformations was the XYZ coordinates of
the illuminant used to compute the renderings, CIE D65.

observers can perform the heterochromatic brightness matching task, they often report that it is difficult and their matches tend to be highly variable.8 Moreover, the results of brightness-matching
experiments are not additive.43,195 For photometry to be as practicable as radiometry, the measured
luminous efficiency of any mixture of lights must equal the sum of the luminous efficiencies of the
component lights. Such additivity is known as obedience to Abney’s law.196,197 For this reason, more
indirect methods for equating the overall effectiveness of lights at stimulating the visual system have
been developed.8,195,198–203 The most commonly used method is that of flicker photometry. In a flicker
photometric experiment, two lights of different spectral power distributions are presented alternately
at the same location. At moderate flicker rates (about 20 Hz), subjects are able to adjust the overall
intensity of one of the lights to minimize the apparent flicker. The intensity setting that minimizes
apparent flicker is taken to indicate that the two lights match in their effectiveness as visual stimuli.
Two lights equated in this way are said to be equiluminant or to have equal luminance.
Because experiments for determining when lights have the same luminance obey linearity properties similar to Grassmann’s laws, it is possible to determine a luminous efficiency function that allows
the assignment of a luminance value to any light. A luminous efficiency function specifies, for each
sample wavelength, the relative contribution of that wavelength to the overall luminance. We can
represent a luminous efficiency function as an Nl dimensional row vector v. Each entry of the matrix
specifies the relative luminance of light at the corresponding sample wavelength. The luminance v of
an arbitrary spectral power distribution b may be computed by the equation
v = vb

(43)

The CIE has standardized four luminous efficiency functions by definition. The most commonly
used of these is the standard photopic luminous efficiency function V(l). This is identical by definition to the 1931 XYZ color-matching function y λ. For lights that subtend more than 4° of visual
angle, a luminous efficiency function V10(l) given by the 1964 10° XYZ color-matching functions is
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preferred. More recently, the Judd-Vos modified color matching function has been made a supplemental standard.204 A final standard luminous efficiency function is available for use at low light levels
when the rods are the primary functioning photoreceptors. A new luminous efficiency function will
be incorporated into the new CIE proposal for a set of physiologically relevant color-matching functions. The notation Vl or V(l) is often used in the literature to denote luminous efficiency functions.
Note that Eq. (43) allows the computation of luminance in arbitrary units. Ref. 8 discusses standard
measurement units for luminance.
It is important to note that luminance is a construct derived from flicker photometric and related
experiments. As such, it does not directly predict when two lights will be judged to have the same
brightness. The relation between luminance and brightness is quite complicated.8,205
It is also worth noting that there is considerable individual variation in flicker photometric judgments, even among color-normal observers. For this reason, it is a common practice in psychophysical experiments to use flicker photometry to determine isoluminant stimuli for individual subjects
with the stimuli of interest.

10.7 APPENDIX—MATRIX ALGEBRA
This appendix provides a brief introduction to matrix algebra. The development emphasizes the
aspects of matrix algebra that are used in this chapter and is somewhat idiosyncratic. In addition,
we do not prove any of the results we state. Rather, our intention is to provide the reader unfamiliar
with matrix algebra with enough information to make this chapter self-contained.
Basic Notions
Vectors and Matrices A vector is a list of numbers. We use lowercase bold letters to represent vectors. We use single subscripts to identify the individual entries of a vector. The entry ai refers to the
ith number in a. We call the total number of entries in a vector its dimension.
A matrix is an array of numbers. We use uppercase bold letters to represent matrices. We use dual
subscripts to identify the individual entries of a matrix. The entry aij refers to the number in the ith
row and jth column of A. We sometimes refer to this as the ijth entry of A. We call the number of rows
in a matrix its row dimension. We call the number of columns in a matrix its column dimension. We
generally use the symbol N to denote dimensions.
Vectors are a special case of matrices where either the row or the column dimension is 1. A matrix
with a single column is often called a column vector. A matrix with a single row is often called a row
vector. By convention, all vectors used in this chapter should be understood to be column vectors
unless explicitly noted otherwise.
It is often convenient to think of a matrix as being composed of vectors. For example, if a matrix
has dimensions Nr by Nc, then we may think of the matrix as consisting of Nc column vectors, each of
which has dimension Nr.
Addition and Multiplication A vector may be multiplied by a number. We call this scalar multiplication. Scalar multiplication is accomplished by multiplying each entry of the vector by the
number. If a is a vector and b is a number, then b = ab = ba is a vector whose entries are given by
cj = baj.
Two vectors may be added together if they have the same dimension. We call this vector addition.
Vector addition is accomplished through entry-by-entry addition. If a and b are vectors with the same
dimension, the entries of c = a + b are given by cj = aj + bj.
Two matrices may be added if they have the same row and column dimensions. We call this matrix
addition. Matrix addition is also defined as entry by entry addition. Thus if A and B are matrices with
the same dimension, the entries of C = A + B are given by cij = aij + bij. Vector addition is a special case
of matrix addition.
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A column vector may be multiplied by a matrix if the column dimension of the matrix matches the
dimension of the vector. If A has dimensions Nr by Nc and b has dimension Nc, then c = Ab is an Nr
dimensional vector. The ith entry of c is related to the entries of A and b by the equation:
ci = ∑ j =c1aij b j
N

(44)

It is also possible to multiply a matrix B, by another matrix, A on the left, if the column dimension
of A matches the row dimension of B. If A has dimensions Nr by N and B has dimensions N by Nc,
then C = AB is an Nr by Nc dimensional matrix. The ikth entry of C is related to the entries of A and
B by the equation:
cik = ∑ j =1aij b jk
N

(45)

By comparing Eqs. (44) and (45) we see that multiplying a matrix by a matrix is a shorthand for
multiplying several vectors by the same matrix. Denote the Nc columns of B by b1, . . ., bN and the Nc
c
columns of C by c1, . . ., cN . If C = AB, then ck = Abk for k = 1, . . ., Nc.
c
It is possible to show that matrix multiplication is associative. Suppose we have three matrices A, B,
and C whose dimensions are such that the matrix products (AB) and (BC) are both well-defined. Then
(AB)C = A(BC). We often write ABC to denote either product. Matrix multiplication is not commutative. Even when both products are well-defined, it is not in general true that BA is equal to AB.
Matrix Transposition The transpose of an Nr by Nc matrix A is an Nc by Nr matrix B whose ijth
entry is given by bij = aji. We use the superscript “T ” to denote matrix transposition: B = AT. The
identity (AB)T = BTAT always holds.
Special Matrices and Vectors A diagonal matrix D is an Nr by Nc matrix whose entries dij are zero
if i ≠ j. That is, the only nonzero entries of a diagonal matrix lie along its main diagonal. We refer to
the nonzero entries of a diagonal matrix as its diagonal entries.
A square matrix is a matrix whose row and column dimensions are equal. We refer to the row and
column dimensions of a square matrix as its dimension.
An identity matrix is a square diagonal matrix whose diagonal entries are all one. We use the symbol
IN to denote the N by N identity matrix. Using Eq. (45) it is possible to show that for any Nr by Nc
matrix A, AINc = INrA = A.
An orthogonal matrix U is a square matrix that has the property that UTU = UUT = IN, where N is
the dimension of U.
A zero vector is a vector whose entries are all zero. We use the symbol 0N to denote the N dimensional zero vector.

Linear Models
Linear Combinations of Vectors Equation (44) is not particularly intuitive. A useful way to think
about the effect of multiplying a vector b by matrix A is as follows. Consider the matrix A to consist
of Nc column vectors a1, . . ., aNc. Then from Eq. (44) we have that the vector c = Ab may be obtained
by the operations of vector addition and scalar multiplication by
c = a1b1 + . . . + aN bN
c

c

(46)

where the numbers b1, . . ., bNc are the entries of b. Thus the effect of multiplying a vector by a matrix
is to form a weighted sum of the columns of the matrix. The weights that go into forming the sum are
the entries of the vector. We call any expression that has the form of the right hand side of Eq. (46)
a linear combination of the vectors a1, . . ., aNc.
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Independence and Rank Consider a collection of vectors a1, . . ., aNc. If no one of these vectors may
be expressed as a linear combination of the others, then we say that the collection is independent.
We define the rank of a collection of vectors a1, . . ., aNc as the largest number of linearly independent
vectors that may be chosen from that collection. We define the rank of a matrix A to be the rank of
the vectors a1, . . ., aNc that make up its columns. It may be proved that the rank of a matrix is always
less than or equal to the minimum of its row and column dimensions. We say that a matrix has full
rank if its rank is exactly equal to the minimum of its row and column dimensions.
Linear Models When a vector c has the form given in Eq. (46), we say that c lies within a linear
model. We call Nc the dimension of the linear model. We call the vectors a1, . . ., aNc the basis vectors
for the model. Thus an Nc dimensional linear model with basis vectors a1, . . ., aNc contains all vectors
c that can be expressed exactly using Eq. (46) for some choice of numbers b1, . . ., bNc. Equivalently,
the linear model contains all vectors c that may be expressed as c = Ab where the columns of the
matrix A are the vectors a1, . . ., aNc and b is an arbitrary vector. We refer to all vectors within a linear
model as the subspace defined by that model.
Simultaneous Linear Equations
Matrix and Vector Form Matrix multiplication may be used to express a system of simultaneous
linear equations. Suppose we have a set of Nr simultaneous linear equations in Nc unknowns. Call
the unknowns b1, . . ., bNc. Conventionally we would write the equations in the form
a11b1 + . . . + a1NcbNc = c1
a21b1 + . . . + a2Nc bNc = c2
...

(47)

aNr1b1 + . . . + aNrNc bNc = cNr
where the aij and ci represent known numbers. From Eq. (44) it is easy to see that we may rewrite
Eq. (47) as a matrix multiplication
Ab = c

(48)

In this form, the entries of the vector b represent the unknowns. Solving Eq. (48) for b is equivalent
to solving the system of simultaneous linear equations of Eq. (47).
Solving Simultaneous Linear Equations A fundamental topic in linear algebra is finding solutions
for systems of simultaneous linear equations. We will rely on several basic results in this chapter,
which we state here.
When the matrix A is square and has full rank, it is always possible to find a unique matrix A–1
such that AA–1 = A–1A = IN. We call the matrix A–1 the inverse of the matrix A. The matrix A–1 is also
square and has full rank. Algorithms exist for determining the inverse of a matrix and are provided by
software packages that support matrix algebra.
When the matrix A is square and has full rank, a unique solution b to Eq. (48) exists. This solution
is given simply by the expression b = A–1c. When the rank of A is less than its row dimension, then
there will not in general be an exact solution to Eq. (48). There will, however, be a unique vector b that
is the best solution in a least squares sense. We call this the least squares solution to Eq. (48). Finding
the least squares solution to Eq. (48) is often referred to as linear regression. Algorithms exist for performing linear regression and are provided by software packages that support matrix algebra.
A generalization of Eq. (48) is the matrix equation
AB = C
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where the entries of the matrix B are the unknowns. From our interpretation of matrix multiplication as a shorthand for multiple multiplications of a vector by a matrix, we can see immediately that
this type of equation may be solved by applying the above analysis in a columnwise fashion. If A
is square and has full rank, then we may determine B uniquely as A–1C. When the rank of A is less
than its row dimension, we may use regression determine a matrix B that satisfies Eq. (49) in a least
squares sense.
It is also possible to solve matrix equations of the form BA = C where the entries of B are again the
unknowns. An equation of this form may be converted to the form of Eq. (49) by applying the transpose identity (see subsection “Matrix Transposition”). That is, we may find B by solving the equation
ATBT = CT if AT meets the appropriate conditions.
Null Space When the rank of a matrix A is greater than its row dimension Nr, it is possible to find
nontrivial solutions to the equation
Ab = 0Nr

(50)

Indeed, it is possible to determine a linear model such that all vectors contained in the model satisfy
Eq. (50). This linear model will have dimension equal to the difference between Nr and the rank
of the matrix A. The subspace defined by this linear model is called the null space of the matrix A.
Algorithms to find the basis vectors of a matrix’s null space exist and are provided by software packages that support matrix algebra.

Singular Value Decomposition
The singular value decomposition allows us to write any Nr by Nc matrix X in the form
X = UDVT

(51)

where U is an Nr by Nr orthogonal matrix, D is an Nr by Nc “diagonal” matrix, and V is an Nc by
Nc orthogonal matrix.148 The diagonal entries of D are guaranteed to be nonnegative. Some of the
diagonal entries may be zero. By convention, the entries along this diagonal are arranged in decreasing order. We illustrate the singular value decomposition in Fig. 21. The singular value decomposition has a large number of uses in numerical matrix algebra. Routines to compute it are generally
provided as part of software packages that support matrix algebra.
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FIGURE 21 The figure depicts the singular value decomposition (SVD) of an N by M matrix X for three cases: Nc > Nr,
Nc = Nr, and Nc < Nr.
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