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ABSTRACT

SENSORY REPRESENTATIONS OPTIMIZED FOR THE NATURAL ENVIRONMENT

Lingqi Zhang

David H. Brainard

Alan A. Stocker

The limited resources available to the visual system must be allocated efficiently to support its

function. To achieve this, our brain needs to take advantage of the statistical regularities of our

visual environment. In this thesis, I systematically explore how different aspects of natural stim-

ulus statistics can impact and determine perceptual behavior and sensory representation in both

biological and artificial systems. In Chapter 1, I provide a brief review of the theory of efficient

coding, models of natural image statistics, and the interplay between these two fields. In Chapter 2,

based on a Bayesian ideal observer model that is constrained by efficient coding, I show how simple

stimulus priors can provide a quantitative link between psychophysics and neurophysiology in the

domain of speed perception. In Chapter 3, I extend these ideas to the domain of sensory adapta-

tion. In particular, I develop a method to quantify changes in sensory encoding in a tilt illusion

experiment, and find that these changes are consistent with an efficient coding account for which

the encoding is optimized toward the conditional statistics of orientation based on the surrounding

context. In Chapter 4, I generalize the efficient coding principle to fully naturalistic stimuli by

building models of natural image statistics and image-computable ideal observers to quantify the

information encoded by the early stages of visual encoding. I show how features of the retinal

encoding can be explained by an optimal design principle. In Chapter 5, I present a novel algorithm

for directly solving the linear optimal coding problem by finding the set of linear measurements

that minimize error in a Bayesian image reconstruction problem. This approach improves upon

established methods such as principal component analysis and compressed sensing, and provides a

unifying perspective. Lastly, in Chapter 6, I discuss open questions and future directions.
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CHAPTER 1

BACKGROUND AND INTRODUCTION

1.1. Foreword

I will start this thesis with an example in image processing. The left image below (Fig. 1.1A)

is of low quality due to the lack of contrast. A simple procedure, termed histogram equalization

(Castleman, 1996), applies a pixel-wise remapping based on the cumulative distribution function

(CDF) of the histogram (Fig. 1.1B), and can effectively restore the contrast of the image (Fig. 1.1C).
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Figure 1.1: Histogram equalization. A) Original image. B) Histogram (blue) of the pixel values
of the image on the left, and a remapping (black) from the original to a new image based on the
CDF of the histogram. C) New image with restored image contrast.

This simple example demonstrates a few core general principles: 1) Displays are constrained, in

that they can only show a limited range of luminance (typically at integer levels 0-255 in a digital

device). 2) The goal of the image enhancement mechanism (Fig. 1.1B) is to make efficient use of

the full range of the display. 3) The encoding is dependent on the ensemble of pixel values of the

original image, that is, the statistical property (i.e., histogram)) of the signal.

It turns out, the same set of principles applies to the study of our own visual system, as the

limited resources available to the visual system must be allocated efficiently to support its goal of
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veridically representing the external world. Theories developed under these principles are generally

associated with the term “efficient coding” (Barlow et al., 1961). In the next few sections, I will

provide a brief overview of the literature on efficient coding in studying vision, and perhaps equally

important, the literature on statistical models of natural images. We will see how advancements

made in these models provide new insight into the visual system through the lens of efficient coding.

When appropriate, I will also give an overview of how the work presented in this thesis fits into and

advances the broader literature.

1.2. Theory of Efficient Coding

1.2.1. Efficient Neural Codes

One early result about efficient neural codes is, in fact, a direct parallel to our image processing

example above. Laughlin (1981) found that the nonlinear contrast response function of the in-

terneurons in the blow-fly’s compound eye can be precisely derived based on the CDF of contrast

in its natural environment. In general, theories of efficient coding aim to explain aspects of neural

responses as optimally representing sensory stimuli based on their statistical regularities. While ear-

lier results focus on single neurons and simple definitions of optimality such as redundancy reduction

(van Hateren, 1992; Dan et al., 1996), more recent work has extended the concept to population

codes (Tkačik et al., 2010; Pitkow and Meister, 2012), and incorporated more principled definitions

of optimality such as those based on information (Strong et al., 1998) and estimation accuracy

(Wang et al., 2016b; Park and Pillow, 2017). These results have provided normative explanations

for neural tuning curves (Ganguli and Simoncelli, 2014), gain control (Schwartz and Simoncelli,

2001), and even shown that spike trains transmit information at the statistical limit in some condi-

tions (Palmer et al., 2015). Recent computational models developed within this framework are able

to explain more intricate features of the visual system beyond spikes and tuning curves, such as the

organization of the early visual pathway (Karklin and Simoncelli, 2011; Zhou et al., 2020; Roy et al.,

2021; Jun et al., 2021), and properties of receptive fields in early visual cortex (Olshausen and Field,

1996; Caywood et al., 2004).
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1.2.2. Perceptual Behavior

The principle of efficient coding allows us to derive perceptual properties of the organism as a

whole. Based on the principle of redundancy reduction (i.e., decorrelation), Atick and Redlich

(1992) derived the idealized spatial contrast sensitivity functions across different luminance levels,

which matched precisely the corresponding psychophysical measurements. Recent work is able

to establish a general relationship between stimulus statistics and perceptual threshold sensitivity

(Ganguli and Simoncelli, 2016; Wei and Stocker, 2017) based on a solution to the efficient coding

problem in terms of Fisher information (Ganguli and Simoncelli, 2014; Wei and Stocker, 2016). One

prominent empirical example in this domain is the oblique effect: People exhibit greater sensitivity

to orientations around the cardinal directions than the obliques (Appelle, 1972). This can be seen as

a consequence of efficient coding of orientation, which has an uneven distribution that bias towards

vertical and horizontal in the natural environment (Girshick et al., 2011). In addition, it has been

shown that this anisotropic representation of orientation is the exact source of the repulsive bias

observed when people are asked to estimate the orientation of a stimulus (Wei and Stocker, 2015).

Although efficient coding provides a normative explanation of how stimulus statistics shape both

neural representation and perceptual behavior, previous work tends to address these two aspects

independently. In Chapter 2 of this thesis (Zhang and Stocker, 2022), I will present a theoretical

framework that makes joint predictions for both neural coding and behavior, based on the as-

sumption that neural representations of sensory information are efficient but also optimally used in

generating a percept. I will validate the prediction of the model in the domain of speed perception,

against electrophysiology data from neurons in the middle temporal (MT) cortex of macaque mon-

keys, and psychophysics data from human participants in a two-alternative forced choice (2AFC)

speed discrimination task.

1.2.3. Adaptation

The statistical regularities of our environment exist on multiple spatial and temporal scales, and

can change drastically depending on the context (Coppola et al., 1998; Schwartz et al., 2007). Effi-

cient coding predicts that the brain should also adapt its encoding dynamically based on contextual

3



cues. Thus, efficient coding provides a normative framework for understanding sensory adapta-

tion. In fact, the empirical literature has indeed shown adaptation in neural codes ranging from

timescales of milliseconds to minutes in order to maximize information transmission (Fairhall et al.,

2001; Wark et al., 2009). Recent theory has also proposed neural codes that can balance the ob-

jective of both detecting context change and maximizing information within a specific context

(Młynarski and Hermundstad, 2018, 2021). On the behavioral side, sensory adaptation has dis-

tinct perceptual signatures (Clifford et al., 2007), including changes in the discrimination threshold

(Regan and Beverley, 1985; Clifford et al., 2001) and perceptual bias (Mitchell and Muir, 1976).

Although it has been proposed that the changes in sensory encoding can potentially explain the

observed behavior (Stocker and Simoncelli, 2005; Webster, 2011), there is no current consensus re-

garding how to attribute adaptation to changes at different stages of computation (e.g., encoding

vs. decoding, Seriès et al. 2009). To bridge the gap between our understanding of sensory encoding

and perceptual behavior in sensory adaptation, in Chapter 3 of this thesis, I develop a method for

directly characterizing sensory encoding from psychophysical behavior. I will show in a tilt illusion

experiment (Magnussen and Johnsen, 1986; Gibson and Radner, 1937) that the changes in orienta-

tion encoding across different spatial contexts are indeed consistent with the conditional statistics

of orientation (Schwartz et al., 2007), as predicted by the efficient coding framework.

1.3. Natural Image Statistics

One of the crucial elements of efficient coding theory is the statistical properties of the input signal

itself. While it is relatively straightforward to identify in certain cases such as for orientation

(Coppola et al., 1998), the general problem is a challenging one, as it requires building probabilistic

models of the natural scenes. Below, I will provide a brief overview of the progress that has been

made in modeling natural image statistics. I will also discuss how this progress has helped in gaining

insights into the visual system.

1.3.1. Spectral Model

We define images as high-dimensional vector x ∈ Rn, where n is the number of pixels in the image

across all color channels. The high dimensionality makes it extremely difficult to fully character-
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ize p(x). To simplify the problem, one can assume that p(x) is a multivariate normal distribution

N (µ,Σ). Thus, to characterize natural images, we need to specify the covariance matrix Σ. Further-

more, assuming natural images are translation invariant, Σ will have a unique structure known as

circulant. Specifically, each row of the matrix is a one-element rotated copy of the row preceding it.

The eigenvectors of Σ in this case are known to be the discrete Fourier transform (DFT). Therefore,

Σ can be diagonalized in the frequency domain, and the coefficients can be examined independently

across frequencies as they become decorrelated (Simoncelli, 2005).

It turns out empirically that the covariance structure of natural images is indeed close to being

translational invariant. In addition, the variance of the frequency components in the Fourier domain

follows roughly a power law function with an exponent of around two (Deriugin, 1956; Tolhurst et al.,

1992). This spectral model of natural images, while simplistic, has provided an important foundation

for our understanding of images. Theories of efficient coding also often hypothesize that the goal

of the visual system is to remove the correlations presented in natural signals in order to achieve

redundancy reduction (Giridhar et al., 2011; Benucci et al., 2013; Duong et al., 2023).

1.3.2. Sparse Coding

If natural images are indeed Gaussian distributed, then any linear transformation applied to them

should result in Gaussian random variables. However, when natural images are transformed using

a wavelet basis, such as the steerable pyramid (Simoncelli and Freeman, 1995), the resulting co-

efficients, although approximately decorrelated, are highly non-Gaussian: The distribution has a

higher concentration around zero and a more extended tail. This observation led to the hypothesis

that natural images are “sparse”, meaning each individual image is composed of only a small subset

of basis images.

Building upon the idea of sparsity, Olshausen and Field (1996) constructed a set of overcomplete

basis functions that can faithfully reconstruct natural images while also being maximally sparse.

The resulting basis images turn out to be a collection of localized, oriented edges at different scales,

similar to the receptive field of neurons in the early visual cortex (Fig. 1.2). This has been taken as

evidence that the visual system employs a sparse firing pattern across the population to represent

5



images efficiently. It is worth noting, however, that the definition of efficiency in this context differs

from the rest of this thesis, as it is not explicitly related to information content.

Regardless of the interpretation, the sparse wavelet model captures important structures of natural

images, and has superior performance in applications such as image restoration compared to the

spectral model (Elad and Aharon, 2006). In Chapter 4 of this thesis, I use this method to build prior

over natural color images. By integrating it with an accurate model of the cone mosaic, I develop

an image reconstruction-based method to quantify the information available during the initial stage

of visual encoding (Zhang et al., 2022a). I will further demonstrate how the characteristics of the

cone mosaic can be understood in an optimal coding framework.

Figure 1.2: Sparse coding basis. A set of basis images learned through optimizing the sparse coding
objective on natural images. Figure adapted from Foldiak and Endres (2008).

1.3.3. Gaussian Scale Mixture

In both the spectral and wavelet model, the coefficients are approximately decorrelated in the

transformed domain. However, there still exists an important higher-order dependency among the

coefficients (Portilla et al., 2003). The figure below shows the conditional histograms of two wavelet

coefficients, w1 and w2, in adjacent spatial locations and scales (Fig. 1.3). As we can see, while the
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mean value of w2 is independent of w1, indicating decorrelation, the variance of w2 grows almost

linearly as the absolute value of w1 increases.

One way to model this variance dependency is to employ an infinite mixture of Gaussian distribution

(Portilla et al., 2003). Concretely, define y =
√
z ·x, where x is multivariate Gaussian and z is scalar

random variable. The common multiplier z will capture this variance relationship. In addition, the

marginal distribution of y in this model also accounts for the non-Gaussian behavior we have

mentioned above. This Gaussian scale mixture (GSM) model further improves upon the wavelet

sparse model, and it excels particularly at modeling texture statistics (Portilla and Simoncelli, 2000).

Figure 1.3: Conditional histogram in the wavelet domain for two different pairs of wavelets that are
adjacent in spatial locations and scales. The x-axis represents the value of one wavelet coefficient
w1, while each column (y-axis) is a histogram of another wavelet w2 conditioned on the value of w1.
Figure adapted from Portilla et al. (2003).

The GSM model also provides insight into divisive normalization, a commonly observed biological

mechanism in cortical neurons (Carandini and Heeger, 2012). The model suggests that if we nor-

malize y with an appropriately chosen scalar, namely
√
z, we can recover the normally distributed

x. In fact, it has been shown that the mechanism for computing the local normalization factor in

neural circuits can be viewed as an estimator for the multiplier z (Schwartz and Simoncelli, 2001).

Recent research has proposed a more complex mechanism for determining the normalization factor

based on the local context of image content (Coen-Cagli et al., 2015). The early visual neurons

have receptive fields that are similar to those used in building the GSM model. Thus, from a coding

perspective, divisive normalization has two advantages: First, it removes the variance dependency
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between neurons, achieving further redundancy reduction (Schwartz and Simoncelli, 2001). Sec-

ondly, the normally distributed responses also maximize the information capacity of a single neuron

(Iyer and Burge, 2019).

1.3.4. Diffusion Model

Despite the progress that has been made, the basic parametric models discussed above are still

inadequate to fully characterize natural images. In fact, the samples drawn from these models are

not realistic, and fail to capture the intricacies of real-world images. However, with the recent

advancements in machine learning, specifically the development of diffusion probability models

(Song and Ermon, 2019; Rombach et al., 2022), this limitation has been overcome. These models

allow us to generate fully realistic images that are almost indistinguishable from real images by

simply sampling from a distribution. In the paragraph below, I will provide a brief overview of

diffusion models.

The goal here is to build a complex probability distribution p(x). We can parameterize p(x) : Rn →

R+
0 by defining:

pθ(x) =
1

Zθ
exp(−fθ(x)), (1.1)

where −fθ(x) is an energy function that can be arbitrarily complex, such as a neural network.

However, calculating the normalizing constant Zθ requires evaluating the integral
∫
exp(−fθ(x))dx,

which is infeasible when x is high-dimensional, as in the case of natural images. Alternatively, we

can define a score function s(x) : Rn → Rn, as

s(x) = ∇x log p(x) = −∇xfθ(x). (1.2)

By taking the derivative of the log probability density, we avoid calculating the normalizing constant

Zθ. We can estimate the score function s(x) directly from data, based on a technique called score

matching (Hyvärinen and Dayan, 2005). Once learned, the score function can be used to draw
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samples from the corresponding prior p(x) through Langevin dynamics (Bussi and Parrinello, 2007):

xt+1 = xt + ϵ∇xt log p(x) +
√
2ϵ zt, zt ∼ N (0, 1). (1.3)

The stationary distribution of xt converges to p(x) as ϵ → 0 and t → ∞. Furthermore, there is

a precise mathematical relationship between the score function and image denoising (Miyasawa,

1961). As such, it allows the score function to be learned by simply training models to perform

additive Gaussian noise removal, and the sampling procedure can be viewed as an iterative denoising

process (Vincent, 2011; Kadkhodaie and Simoncelli, 2021).

The intricate prior represented by these models opens up new possibilities for studying how nat-

ural image statistics shape the visual system. In our recent work, we have incorporated a more

complex prior model using the image prior implicit in a convolutional neural network denoiser

(Kadkhodaie and Simoncelli, 2021; Zhang et al., 2022b). In Chapter 5, I present a novel method

for identifying the optimal set of linear measurements that, when combined with an image prior,

minimizes the Bayesian reconstruction error on a set of natural images. This can be viewed as

a form of linear efficient coding, and my analysis examines the effect of the image prior on the

optimal solution. The approach also improves upon and provides a unifying perspective on other

linear methods such as principle component analysis (PCA) and compressed sensing (CS).
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CHAPTER 2

PRIOR EXPECTATIONS IN VISUAL SPEED PERCEPTION PREDICT ENCODING

CHARACTERISTICS OF NEURONS IN AREA MT

This chapter was previously published as: Ling-Qi Zhang and Alan A Stocker. Prior expecta-

tions in visual speed perception predict encoding characteristics of neurons in area MT. Journal

of Neuroscience, 42(14):2951–2962, 2022. I contributed to the conceptualization, formal analysis,

methodology, validation, software, visualization, and writing of this work.

Abstract

Bayesian inference provides an elegant theoretical framework for understanding the characteristic

biases and discrimination thresholds in visual speed perception. However, the framework is difficult

to validate due to its flexibility and the fact that suitable constraints on the structure of the sensory

uncertainty have been missing. Here, we demonstrate that a Bayesian observer model constrained

by efficient coding not only well explains human visual speed perception but also provides an

accurate quantitative account of the tuning characteristics of neurons known for representing visual

speed. Specifically, we found that the population coding accuracy for visual speed in area MT

(“neural prior”) is precisely predicted by the power-law, slow-speed prior extracted from fitting the

Bayesian model to psychophysical data (“behavioral prior”) to the point that the two priors are

indistinguishable in a cross-validation model comparison. Our results demonstrate a quantitative

validation of the Bayesian observer model constrained by efficient coding at both the behavioral

and neural levels.

2.1. Introduction

Human perception of visual speed is typically biased and depends on stimulus attributes other

than the actual motion of the stimulus. Contrast, for example, strongly affects perceived stimu-

lus speed such that a low-contrast drifting grating typically appears to move slower than a high-

contrast grating (Thompson, 1982; Stone and Thompson, 1992; Blakemore and Snowden, 1999;

Stocker and Simoncelli, 2006). These biases and perceptual distortions are qualitatively consistent
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with a Bayesian observer that combines noisy sensory measurements with a prior preference for lower

speeds (Simoncelli, 1993; Weiss et al., 2002; Stocker, 2006). Previous work has also shown that by

embedding the Bayesian observer within a two-alternative forced choice (2AFC) decision process

one can “reverse-engineer” the noise characteristics (i.e., likelihood) and prior expectations of indi-

vidual human subjects from their behavior in a speed-discrimination task (Stocker and Simoncelli,

2004, 2006). This provided both a quantitative validation of the Bayesian observer model and a

normative interpretation of human behavior in visual speed perception tasks, which has been con-

firmed in various later studies (e.g. Welchman et al., 2008; Hedges et al., 2011; Sotiropoulos et al.,

2014; Jogan and Stocker, 2015). However, recovering the parameters of a Bayesian observer model

from behavioral data is typically difficult due to the intrinsic non-specificity of its probabilistic

formulation, which has been grounds for a critical view of the Bayesian modeling approach al-

together (Jones and Love, 2011; Bowers and Davis, 2012). The reverse-engineered speed priors in

previous studies indeed all showed large variations across subjects, indicating a potential case of

over-fitting due to insufficient model constraints (Stocker and Simoncelli, 2006; Hedges et al., 2011;

Sotiropoulos et al., 2014; Jogan and Stocker, 2015).

In this article, we show how we addressed this potential problem by developing and validating a

tightly constrained Bayesian observer model. We followed a recent proposal to use efficient cod-

ing as a constraint that links the likelihood function to the prior expectations of a Bayesian ob-

server (Wei and Stocker, 2012, 2015). The efficient coding hypothesis posits that biological neural

systems allocate their limited coding capacity such that overall information transmission is op-

timized given the stimulus distribution in the natural environment (Barlow et al., 1961; Laughlin,

1981). It thus establishes a direct relationship between the stimulus distribution and the accuracy of

neural representations in sensory systems (Linsker, 1988; McDonnell and Stocks, 2008; Wang et al.,

2012; Ganguli and Simoncelli, 2014; Yerxa et al., 2020; Roy et al., 2021). Wei and Stocker (2015)

showed how to formulate efficient coding as an information constraint that can be embedded within

the probabilistic language of the Bayesian framework. The resulting Bayesian observer model has

proven to account for a wide range of phenomena in perception including repulsive biases in per-

ceived visual orientation (Wei and Stocker, 2015; Taylor and Bays, 2018) and the lawful relationship
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between perceptual bias and discrimination threshold (Wei and Stocker, 2017), but also in more cog-

nitive domains such as subjective preferences judgments (Polania et al., 2019) or the representation

of numbers (Cheyette and Piantadosi, 2020; Prat-Carrabin and Woodford, 2021).

The overall goal of our current work was two-fold. First, we aimed for quantitative validation of this

new Bayesian observer model in the domain of visual speed perception. We fit the model to speed dis-

crimination data collected by Stocker and Simoncelli (2006). We found that compared to the model

in this original study, the new model allowed us to reverse-engineer much more reliable and consis-

tent estimates of subjects’ prior beliefs while still accurately accounting for subjects’ psychophysical

behavior. Second, based on the efficient coding hypothesis we wanted to test whether the reverse-

engineered prior expectations are mirrored in the population encoding characteristics of neurons in

the motion-sensitive area in the primate brain. The middle temporal (MT) area is widely recognized

as the cortical area in the primate brain that selectively represents direction and speed of moving

visual stimuli (Zeki, 1974; Newsome and Pare, 1988; Britten et al., 1993; Movshon and Newsome,

1996; Priebe et al., 2003). By analyzing single-cell recordings of a large population of MT neu-

rons (Nover et al., 2005), we found that the sensitivity with which visual speed is encoded in this

population (“neural prior”) is precisely predicted by the prior beliefs extracted from the psychophys-

ical data (“behavioral prior”). Our results provide important quantitative validation of the Bayesian

observer model constrained by efficient coding at both the behavioral and neural levels.

2.2. Methods

2.2.1. Behavioral prior: Bayesian observer model constrained by efficient coding

Data

We reanalyzed the two-alternative-forced-choice (2AFC) speed discrimination data collected in

Stocker and Simoncelli (2006). In each trial of the experiment a subject was shown a pair of horizon-

tally drifting gratings (reference and test), and was asked to choose which one of them was moving

faster. The reference grating had one of two contrast levels [0.075, 0.5] and one of six different

drifting speeds [0.5, 1, 2, 4, 8, 12] deg/s. The test grating had one of seven different contrast levels

[0.05, 0.075, 0.1, 0.2, 0.4, 0.5, 0.8] and its speed was determined by an adaptive staircase procedure
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(one-up/one-down). There were 72 different individual conditions (i.e., psychometric curves) and

each condition contained 80 trials, resulting in a total of 5,760 trials. We excluded one subject (la-

beled as Subject 3 in Stocker and Simoncelli (2006)) that was only tested at two contrasts and two

test speed levels. While we were able to recover a prior from this subject that was highly consistent

with the rest of the subjects, it was not possible to perform a meaningful model comparison and

cross-validation due to the low number of trials.

Model formulation

We use the Bayesian observer model by Wei and Stocker (2015) and embed it within a decision

process to predict the binary judgments in the 2AFC experiment (Stocker and Simoncelli, 2006).

Specifically, we assume that “encoding” of the stimulus is governed by an efficient coding constraint

such that encoding accuracy, measured as the square-root of Fisher Information (FI), is propor-

tional to the stimulus prior (Brunel and Nadal, 1998; McDonnell and Stocks, 2008; Wei and Stocker,

2016), that is √
IF (v) ∝ p(v) . (2.1)

Encoding is described as the conditional probability distribution p(m|v). It determines how stimulus

speed v is transformed probabilistically into a noisy sensory measurement m. We can satisfy the

efficient coding constraint (Eq. (2.1)) by assuming the following encoding distribution

p(m|v) = N (m;µ = F (v), σ2 = h2(c)) , (2.2)

where F (v) =
∫ v
−∞ p(v)dv is the cumulative density function (CDF) of v. We parameterized the

speed prior distribution as the modified power-law function

p(v) ∝ (|v|+ c1)
c0 + c2 , (2.3)

where c0,1,2 are free and unconstrained parameters. We also tested alternative parameterizations

(Fig. 2.4). The scalar h(c) determines the amount of total encoding resources (i.e., the overall
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magnitude of internal noise) at different contrast levels. It can be shown that

√
IF (v) = F ′(v)/σ = p(v)/h(c) . (2.4)

The total amount of encoding resource is measured by
∫ √

IF (v)dv which evaluates to 1/h(c). In

order to numerically handle the unbounded nature of a magnitude variable such as speed (compared

to a circular variable such as orientation), we added a small constant (2.5 ∗ 10−3) to p(v) such that

its CDF did not saturate (i.e., F (v) is not upper bounded by 1).

To decode (i.e., estimate) the stimulus v given a particular sensory representation m, we first

determine the likelihood function

l(v) = p(m|v) (2.5)

by considering the encoding distribution (Eq. (2.2)) as a function of v. Applying Bayes’ rule and

multiplying the likelihood function with the prior p(v) (Eq. (2.3)), we then can compute the posterior

as

p(v|m) ∝ l(v)p(v) . (2.6)

Assuming an L0 loss function (Stocker and Simoncelli, 2006), the estimate v̂ of the stimulus v is

given as

v̂ = argmax
v̂

l(v̂)p(v̂) . (2.7)

The estimate represents the optimally decoded stimulus v̂ given m. It is a deterministic function of

m (implicit in the likelihood function l(v)), which we can explicitly express as v̂(m). However, m

is not directly observable in a psychophysical experiment. Thus, we marginalize over m to obtain

the estimate distribution for a given stimulus v,

p(v̂|v) =
∫

p(v̂|m)p(m|v)dm =

∫
δ(v̂ − v̂(m))p(m|v)dm , (2.8)

where δ(·) is the Dirac delta function.

In a 2AFC speed discrimination experiment, subjects report a binary decision and not a continuous
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estimate v̂. We assume subjects make their choice (i.e., which one is faster) by comparing their

estimate v̂r of the reference stimulus with their estimate v̂t of the test stimulus. For a pair of vt and

vr, across many repeated trials, these choices follow a binomial distribution with the probability of

the test stimulus being perceived faster given as

pvt,vr(v̂t > v̂r) =

∫ +∞

−∞
p(v̂t|vt)

∫ v̂t

−∞
p(v̂r|vr)dv̂rdv̂t . (2.9)

Model fitting

If we represent the data in our experiment as N triplets (vir, vit, ki), where ki ∈ {0, 1} represents

the binary choice, then the overall log-likelihood of the model given the data is

L =
N∑
i=1

{ki log[pvit,vir(v̂it > v̂ir)] + (1− ki) log[1− pvit,vir(v̂it > v̂ir)]} . (2.10)

We find the model parameters c0, c1, c2 and h(c) by maximizing L using MATLAB’s fminsearchbnd

algorithm. Note that the model is highly constrained: For each subject, we jointly fit a single

three-parameter prior distribution plus one scalar noise parameter h(c) for each of the 7 contrast

levels to the data from all 72 conditions.

Alternative prior parameterization

In order to assess the consistency and stability of our reverse-engineered prior distributions, we also

tested two alternative parameterizations (Fig. 2.4):

• a Gamma distribution: p(v;α, β) ∝ |v|α−1e−β|v|

• a piece-wise log-linear function with 18 sample points v∗1:18 equally distributed in logarith-

mic space in the range v = [0...50] deg/s. Each corresponding p(v∗1:18) value is a free prior

parameter; prior density values are linearly interpolated between those values.

For comparison we also fit a Gaussian prior with p(v;σ2) = N (v;µ = 0, σ2).
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Weber’s law and power-law prior

With our model, it is possible to analytically predict discrimination threshold ∆v and Weber fraction

∆v
v for any given prior distribution. It has been shown that discrimination threshold is inversely

proportional to the square-root of FI (Seriès et al., 2009; Wei and Stocker, 2017), thus

∆v ∝
1√
IF

. (2.11)

According to the efficient coding constraint (Eq. (2.1)), we can substitute
√
IF with p(v) and find

∆v ∝
1

p(v)
. (2.12)

This equation allows us to predict discrimination threshold for any prior density (up to a scale

factor). For the modified power-law prior with exponent c0 = −1 and c2 = 0 (Eq. (2.3)) we can find

∆v ∝ (v + c1) . (2.13)

By further setting c1 = 0, we obtain v ∝ ∆v, which is the definition of Weber’s law (i.e., a constant

Weber fraction). For non-zero c1 the Weber fraction changes to

∆v

v
∝ (1 +

c1
v
) . (2.14)

At high speeds, c1
v ≈ 0 and thus the Weber fraction is constant. At low speeds, c1

v → ∞ causing

∆v
v to increase.

Our efficient coding constraint implies that the stimulus is transformed according to the CDF of v

(Eq. (2.2)). For a power-law prior with exponent c0 = −1 and c2 = 0, the CDF is

∫
z1(v + c1)

−1dv = z1 log(v + c1) + z2 , (2.15)

which is precisely the logarithmic transformation that has been previously used for describing the
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speed tuning of MT neurons (Nover et al., 2005).

2.2.2. Neural prior: MT encoding analysis

Data

We reanalyzed the electrophysiological recording data from Nover et al. (2005). Neurons in area MT

of several macaque monkeys were individually identified. Each identified neuron was then tested

with a random-dot motion stimulus moving with one of eight speeds [0, 0.5, 1, 2, 4, 8, 16, 32]

deg/s. Stimulus location, direction, size and disparity were individually optimized for each neuron.

Every stimulus speed was presented three to seven times. We considered the mean firing rate over

the entire stimulus duration (1.5 s) as a neuron’s single-trial response. We analyzed a total of 480

neurons.

Population Fisher information

Following Nover et al. (2005), we fit each neuron’s mean firing rate as a function of stimulus speed

with a Gaussian tuning curve in log-speed

R(v) = R0 +A ∗ exp(− log[q(v)]2

2σ2
) , (2.16)

where q(v) = v+v0
vp+v0

. Parameters R0, A, σ
2, v0, and vp are determined by minimizing the sum of

squared difference of the observed and predicted firing rates. A maximum-likelihood fit assuming

Poisson distributed firing rate variability produced very similar results.

We computed the population FI for different assumptions about neurons’ response variabilities and

their pair-wise noise correlations within the population. First, we assumed that response noise

is independent between neurons in the population and response variability is well-described by a

Poisson process. In this case, the population FI is calculated as

IF (v) =

N∑
i=1

[R′
i(v)]

2

Ri(v)
. (2.17)

The “neural prior” (the prior that corresponds to the measured MT encoding precision assuming
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efficient encoding) is then equivalent to the normalized square-root of FI, thus

p(v) =

√
IF (v)∫ √
IF (v)dv

. (2.18)

As in Nover et al. (2005), we also repeated the above analysis using an alternative tuning-curve

model (Gamma distribution function) and obtained very similar results.

Next, we estimated the population FI by adjusting the Poisson model with an explicit estimate of

the Fano factor Fi for each neuron

IF (v) =

N∑
i=1

[R′
i(v)]

2

Fi ∗Ri(v)
, (2.19)

where Fi was obtained by linearly regressing the neuron’s firing rate variance against its firing rate

mean. Finally, we computed the linear Fisher information (Kanitscheider et al., 2015; Kohn et al.,

2016)

IF (v) = R⃗′(v)TΣ−1R⃗′(v) , (2.20)

where Σ is the noise correlation matrix and is the identity matrix for the independent noise case.

To understand the effect of speed tuning preference-dependent noise correlations observed in area

MT (Huang and Lisberger, 2009), we adopted the limited-range correlation model

Σij = σ2ρij

ρij = exp(−|∆ij |/L) ,
(2.21)

where ∆ij is difference in log-speed preference between neuron i and neuron j, σ2 is the noise

variance, and L is the overall correlation strength (Abbott and Dayan, 1999). For the simulations

shown in Fig. 2.7E, we set σ2 = 1 as the prior is only determined by the shape of the population

FI and L = [0.5, 1.0, 2.5] for low, medium and high correlation strengths.
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2.2.3. Cross-validation

We performed a five-fold cross-validation procedure. The trial data for each condition were first

randomly and equally divided into 5 groups. For each group, the model was fit to the data of

the remaining four groups (training), and then evaluated on the group’s data (validation). Model

validation performance was measured as the log-likelihood of the fit model given the validation

data. The entire procedure was repeated 20 times, resulting in 100 estimates of the model validation

likelihood. For the behavioral prior condition, we considered the full observer model using the fit

prior for that run. For the neural prior condition, we assumed the prior to be fixed and equal to the

prior extracted from the population FI analysis with only the contrast-dependent noise parameters

being fit on each run. The same procedure was used to compute the validation likelihoods of the

original, less constrained Bayesian observer model (Stocker and Simoncelli, 2006), and of individual

Weibull fits to every condition. Log-likelihood values in Fig. 2.8B were normalized to the range set

by a lower bound given by the log-likelihoods of a coin-flip model for the decision (i.e. a model with

a fixed decision probability of 0.5), and an upper bound determined by the values of the Weibull

fits.

2.2.4. Data and Code Accessibility

Data and analysis code, including the instruction to create a full display of the psychometric curves

and model fits for individual subjects, are available through GitHub:

https://github.com/lingqiz/Speed_Prior_2021

2.3. Results

We model speed perception as an efficient encoding, Bayesian decoding process (Fig. 2.1A). On any

given trial the speed v of a visual stimulus is represented by a noisy and bandwidth-limited sensory

measurement m. Following Wei and Stocker (2012, 2015), we assume that “encoding” of the stimulus

is governed by an efficient coding constraint (Eq. (2.1)) such that encoding accuracy, measured as the

square-root of Fisher Information (FI), is proportional to the stimulus prior p(v) (Brunel and Nadal,

1998; McDonnell and Stocks, 2008; Wei and Stocker, 2016). This constraint promotes a more accu-

rate encoding of speeds for which the prior density is high. It determines the observer’s uncertainty
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about the actual stimulus speed given a particular sensory measurement (i.e., the likelihood function

p(m|v)). For “decoding”, this likelihood function p(m|v) is combined with the stimulus prior p(v),

resulting in the posterior p(v|m). Lastly, a percept v̂ (i.e., an estimate) is computed based on the

posterior and a loss function (see Methods for details).

A unique feature of the new model is that the stimulus distribution jointly determines encoding

and decoding of the Bayesian observer model (Wei and Stocker, 2012). Thus, both the encoding

characteristics of neurons representing visual speed (Fig. 2.1B), and the psychophysical behavior of

subjects in speed perception (Fig. 2.1C) should be consistent with the prior belief of the observer

about the statistical regularities of visual speed.

2.3.1. Extracting the “behavioral prior”

We fit our model to the psychophysical speed discrimination data collected previously in another

study (Stocker and Simoncelli, 2006). On each trial of their experiment, subjects were shown a pair

of horizontally drifting gratings (reference and test stimulus), and were asked to choose which one

was moving faster (Fig. 2.1C). For each combination of stimulus contrast and reference speed, a

full psychometric curve was measured by repeating the trials at different test speeds chosen by an

adaptive staircase procedure. A total combination of 72 conditions representing reference and test

stimuli at different speeds and contrast levels were tested, resulting in 72 different psychometric

functions (see Methods and Stocker and Simoncelli (2006) for details).

In contrast to the original model (Stocker and Simoncelli, 2006), the new observer model directly

links the likelihood function and the prior distribution (Wei and Stocker, 2012). Thus perceived

speed is fully determined by subjects’ prior expectations and a contrast-dependent internal noise

parameter that reflects the total amount of represented sensory information (Wei and Stocker, 2015,

2016). Our goal was to find the prior distribution p(v) and the noise parameters h(c) that best

accounted for subjects’ individual perceptual behavior. In order to fit the observer model, we

embedded it within a binary decision process (Fig. 2.1C). On each trial, speed estimates for both

the reference and the test stimuli are performed, and then subjects are assumed to respond according

to which estimate is faster. Entire psychometric functions are predicted by marginalizing over the
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Figure 2.1: Bayesian observer model constrained by efficient coding. A) We model speed perception
as an efficient encoding, Bayesian decoding process (Wei and Stocker, 2012, 2015). Stimulus speed
v is encoded in a noisy and resource-limited sensory measurement m with an encoding accuracy that
is determined by the stimulus prior p(v) via the efficient coding constraint (Eq. (2.1)). Ultimately,
a percept is formed through a Bayesian decoding process that combines the likelihood p(m|v) and
prior p(v) to compute the posterior p(v|m), and then selects the optimal estimate v̂ according to a
loss function. Encoding and decoding are linked and jointly determined by the prior distribution
over speed. B) Efficient coding determines the accuracy of the neural representation of visual speed
(i.e., the tuning characteristics of neurons in area MT). C) Embedding the Bayesian observer within
a decision process provides a model to predict psychophysical behavior in a two-alternative forced
choice (2AFC) speed discrimination task.
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Subject c0 c1 c2 h(0.05) h(0.075) h(0.10) h(0.20) h(0.40) h(0.50) h(0.80)

1 -0.790 0.003 6 ∗ 10−5 0.035 0.027 0.028 0.019 0.016 0.013 0.012
2 -0.867 0.002 10−8 0.045 0.041 0.038 0.030 0.023 0.020 0.010
3 -1.045 0.220 1 ∗ 10−5 0.061 0.045 0.041 0.029 0.017 0.019 0.026
4 -1.097 0.248 7 ∗ 10−6 0.043 0.040 0.036 0.028 0.018 0.017 0.016

Table 2.1: Fit parameter values of the prior density p(v) ∝ (|v| + c1)
c0 + c2 and the contrast-

dependent noise σ = h(c) for every subject.

unobserved sensory measurement (Methods).

We jointly fit our model for every subject to all 72 conditions using a maximum-likelihood procedure.

The free parameters of the model consisted of a parametric description of the prior and one noise

parameter for each stimulus contrast. Following previous studies (Stocker and Simoncelli, 2006;

Hedges et al., 2011; Jogan and Stocker, 2015), we parameterized the prior distribution as a modified

power-law function (Eq. (2.3)). Figure 2.2A shows the data and model fit for a few example

conditions for exemplary Subject 1. Fit parameter values for all subjects are listed in Table 2.1.

Overall, the model predicts psychometric curves that are similar to those obtained from fitting a

Weibull function. The log-likelihood of the new model is close to that of separate Weibull fits to

every individual condition (Fig. 2.2B). Figure 2.2C further illustrates that the new model performs

as well as the original, less constrained Bayesian observer model (Stocker and Simoncelli, 2006). A

more detailed model comparison utilizing cross-validation is provided in a later section.

Importantly, the reverse-engineered prior expectations are much more consistent across subjects

than those obtained from using the original model (Stocker and Simoncelli, 2006; Hedges et al.,

2011; Sotiropoulos et al., 2014; Jogan and Stocker, 2015). The exponent c0, for example, is now

close to a value of -1 for every subject rather than varying over an order of magnitude (Table 2.1).

Furthermore, values of the contrast-dependent noise parameter monotonically decrease as a function

of contrast as expected and are consistent with the functional description of the contrast response

curve of cortical neurons (Fig. 2.3).
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als at that test speed. The dashed curves are Weibull fits to each conditions, and the solid blue
curves represent the model prediction. See Data and Code Accessibility for instructions to create
a full display of psychometric curves and model fits of all 72 conditions for individual subjects.
B) Log-likelihood values of the best-fitting model for each subject using four different prior pa-
rameterizations including a power-law function, Gamma distribution, piece-wise log-linear function,
and a Gaussian distribution, respectively. Values are normalized to the range set by a coin flip
model (lower bound) and Weibull fits to individual psychometric curves (upper bound). C) The
relative Bayesian Information Criterion (BIC) values for the different parameterizations as well as
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−1/2 (Sclar et al., 1990;

Albrecht and Hamilton, 1982; Heuer and Britten, 2002).

In order to test the impact of choosing a power-law parameterization for the prior distribution

(Eq. 2.3), we performed model fits using two other parameterizations with increasing degrees of

freedom (i.e., a Gamma distribution and a piece-wise log-linear function), and also a Gaussian prior

for comparison (Methods). The model fits well for all but the Gaussian prior, resulting in similar

log-likelihood values (Fig. 2.2B) although the BIC value is higher for the log-linear parameterization

due to its large number of parameters (Fig. 2.2C). Crucially, however, the shapes of the fit prior

distributions are very similar across the different parameterizations, all exhibiting a power-law like,

slow-speed preferred distribution (Fig. 2.4). The obvious exception is the Gaussian parameterization

because it is unsuited to approximate a power-law function.
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piece-wise log-linear function, and a Gaussian distribution, respectively. Note that the Gaussian
provides a relative poor fit of the data (see also Fig. 2.2B).

We further validated our model by comparing its predictions for contrast-induced biases and dis-

crimination thresholds to subjects’ data. To quantify bias, we computed the ratio of test speed to

reference speed at the point of subjective equality (PSE, defined as the 50% point of the psycho-

metric curve). If a lower-contrast test stimulus is indeed perceived to be slower, then its physical

speed will need to be higher in order to match the perceived speed of the higher-contrast reference.

Thus, a contrast-induced slow-speed bias is manifested by a PSE ratio greater than 1 when the test

contrast is lower than the reference, and vice versa. As shown in Fig. 2.5A, subjects clearly under-

estimated the speeds of low-contrast stimuli, an effect that occurred at any contrast level and speed.
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Furthermore, subjects’ thresholds increase monotonically with speed (Fig. 2.5B). While they follow

Weber’s law at higher speeds, they deviate from a constant Weber-fraction at slow speeds, which is

well documented (McKee et al., 1986; De Bruyn and Orban, 1988; Stocker and Simoncelli, 2006).

Our new model is able to capture both the contrast-induced slow-speed bias and the discrimina-

tion threshold behavior with an accuracy comparable to the original model (Stocker and Simoncelli,

2006) (also see Fig. 2.2C).

It is worth noting that the predicted higher threshold values for the low-contrast stimulus condition

are not particularly evident in the data (Fig. 2.5B). Previous studies, however, have convincingly

demonstrated that lower stimulus contrasts lead to higher speed discrimination thresholds under

various stimulus configurations (Panish, 1988; Turano and Pantle, 1989; Horswill and Plooy, 2008;

Champion and Warren, 2017). Thus we believe that the experimental design in the original study

(Stocker and Simoncelli, 2006), in particular the deliberate compromise in choosing a low number of

trials per condition (only 80 trials per psychometric curve) in order to test subjects over a large range

of different contrast/speed combinations, may be responsible for the noisy, overlapping threshold

estimates. The ability to obtain reliable threshold estimates was further limited by the use of a

stair-case procedure optimized for inferring the PSE rather than the slope of the psychometric

curves (see Stocker and Simoncelli (2006) for details). Future investigations will be required to fully

resolve this discrepancy.

Despite its constrained nature, the model can well account for individual differences across subjects.

Differences in the values of the contrast-dependent noise parameter determine individual variations

in bias and threshold magnitude. In addition, when the prior exponent is close to -1, the PSE ratios

are mostly constant across different speeds (e.g., Fig. 2.5A, Subject 3 and 4) (Wei and Stocker,

2017), whereas an exponent larger than -1 predicts relative biases that decrease for higher stimulus

speeds (e.g., Fig. 2.5A, Subject 1).
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Figure 2.6: Predicted Weber fraction. Predicted Weber fractions ∆v/v based on the reverse-
engineered behavioral priors of the four individuals and the average subject are shown in compari-
son to previously reported psychophysical measurements (McKee et al., 1986; De Bruyn and Orban,
1988). We can analytically show that the modified power-law prior with an exponent c0 = −1 will
predict both the constant Weber fraction at higher speed and its deviation at slow speeds (Methods).
Note that since the Weber fraction is predicted up to a factor, the predictions are scaled to the level
of the data. De Bruyn and Orban (1988) also found deviations from Weber’s law at extremely high
speeds (256 cycles/deg) which is not depicted here.

Lastly, previous models have mainly focused on the contrast-induced speed bias and how it can be at-

tributed to a slow-speed prior that shifts the percept toward slower speeds for increasing levels of sen-

sory uncertainty (Weiss et al., 2002; Hürlimann et al., 2002; Stocker, 2006; Stocker and Simoncelli,

2006; Hedges et al., 2011; Rokers et al., 2018; Lakshminarasimhan et al., 2018). While this is still

the case for our new model, the monotonic increase in threshold is now also a direct consequence

of the slow-speed prior: Since higher speeds are less likely, efficient coding dictates that less neu-

ral resources are allocated for their representation, resulting in a larger threshold. In fact, the

predicted Weber fractions based on subjects’ reverse-engineered priors closely resemble previous

psychophysical measurements (Fig. 2.6; also see Methods).
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2.3.2. Extracting the “neural prior”

The efficient coding constraint of the model predicts that the neural encoding of visual speed should

reflect the stimulus prior distribution (Wei and Stocker, 2012, 2016; Ganguli and Simoncelli, 2014).

Thus, if our new model is correct, then the reverse-engineered “behavioral prior” should be a good

predictor of the neural encoding characteristics of visual speed. Specifically, we expect the neural

encoding accuracy, measured as the square-root of the neural population FI, to match the extracted

speed prior (Eq. (2.1)).

To test this prediction, we analyzed the encoding characteristics of a large population of neurons in

area MT. Our analysis was based on single-cell recorded data from the macaque brain (Nover et al.,

2005). The data contained repeated spike counts from 480 MT neurons responding to random dot

motion stimuli moving at eight different speeds. Following the original study (Nover et al., 2005),

we fit a log-normal speed tuning curve model for each neuron in the data set (Fig. 2.7A). This tuning

curve model accurately described the mean firing rates of the majority of the neurons (Fig. 2.7B).

Under the assumption that neural response variability was well-captured by a Poisson distribution,

it is then straight-forward to compute the FI of individual neurons (Fig. 2.7A; Methods).

Given the inherent limitations of single-unit recorded data, assumptions about the noise and

its correlation structure in the population are necessary in order to compute the population FI

(Abbott and Dayan, 1999; Averbeck et al., 2006; Moreno-Bote et al., 2014; Kohn et al., 2016). We

first considered the noise to be independent among the neurons in the recorded population. In this

simplified scenario, the population FI is the sum of the FI of individual neurons (Fig. 2.7C). The

shape of the resulting population FI is very close to a power-law function; that is, when plotted on

a log-log scale it closely resembles a straight line. Two slightly different methods of calculating the

FI of individual neurons, either by estimating the Fano factor explicitly or by computing the linear

FI (Kanitscheider et al., 2015; Kohn et al., 2016), produced nearly identical estimates of the shape

of the population FI (Fig. 2.7D; Methods).

Further, assuming a correlation pattern that is speed-independent simply reduces the magnitude
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of the population FI but does not change its overall shape compared to the independent noise

assumption. However, speed tuning-dependent noise correlations between pairs of neurons have

been reported for area MT (Huang and Lisberger, 2009). Thus, to assess the potential impact of

such correlations (Zohary et al., 1994), we computed the linear population FI with a limited-range

correlation model based on the relative speed preferences of individual neurons (Abbott and Dayan,

1999) (Methods). We found that although the magnitude of FI decreases with increasing correlation

strength, the shape of the population FI is largely invariant within a large range of simulated

correlation strengths (Fig. 2.7E). The reason why these correlations have little effect on the shape

of the population FI is that the tuning characteristics of MT neurons are relatively “homogeneous”

(i.e., the parameters of the tuning curve, such as the tuning width, are mostly independent of speed

preference), and close to uniformly tile the logarithmic speed space (Nover et al., 2005). Thus,

we argue that given the available evidence, estimating the shape of the population FI assuming

independent noise is a reliable approximation.

The efficient coding constraint makes the additional prediction that the overall magnitude of the

population FI corresponds to the total represented sensory information, and thus should be directly

related to the contrast-dependent noise parameter of our observer model (Wei and Stocker, 2015,

2016; Noel et al., 2021). Although the contrast-dependent noise parameter values are consistent with

the typical contrast response function of cortical neurons (Fig. 2.3), a rigorous test of the prediction

requires characterization of MT speed encoding at different levels of stimulus contrasts, which is

something the current data do not provide. Preliminary neural data (Stocker et al., 2009) suggest,

however, that stimulus contrast indeed simply scales the population FI without changing its shape.

This is intriguing given the well-documented diversity and heterogeneity by which stimulus contrast

affects the shape and position of speed tuning curves in area MT (Pack et al., 2005; Krekelberg et al.,

2006; Stocker et al., 2009).

2.3.3. Comparing the behavior and neural prior

Finally, we compared the extracted behavioral and neural priors. If our observer model is correct

then the prior expectation with which a subject perceives the speed of a moving stimulus should
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Figure 2.7: Extracting the “neural prior”. According to the efficient coding constraint (Eq. (2.1))
the population Fisher information (FI) should directly reflect the prior distribution of visual speed.
A) Single-trial mean firing rates as a function of stimulus speed vtest (dots) shown for two example
MT neurons from the data set (Nover et al., 2005), together with their fit log-normal tuning curves
(black, left y-axis) and corresponding FI (red, right y-axis) assuming a Poisson noise model. B)
Histogram of the goodness of the log-normal tuning curve fit across all neurons measured by R2. C)
Individual FI of 25 example neurons (gray, left y-axis), and the population FI (red, right y-axis), cal-
culated as the sum of the FI over all 480 neurons in the data set. D) The normalized square-root of
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be quantitatively identical to, and thus predictive of, the stimulus distribution neural encoding is

optimized for. Figure 2.8A shows the extracted behavioral prior of every subject and the neural

prior. The prior distributions are indeed very similar and are consistent with a power-law function

with an exponent of approximately -1.

In order to quantitatively assess the effective similarity between the behavior and neural prior, we

constructed a “neural observer” model for which the prior was fixed to be the neural prior extracted

from the MT data; only the contrast-dependent noise parameters h(c) were free parameters. We

used a cross-validation procedure to compare this neural observer with the unconstrained observer

model and the original model (Stocker and Simoncelli, 2006). As illustrated in Fig. 2.8B, the vali-

dation performances are highly similar across all three models and closely match the performance

of individual Weibull fits. This comparison demonstrates several aspects. First, it confirms that

the behavioral and neural prior are behaviorally indistinguishable and thus effectively equivalent; if

the neural data did not exist, we would have been able to accurately predict the encoding accuracy

of MT neurons at the population level. Second, it highlights the excellent quality of the Bayesian

observer model as its account of human behavior is close to that of the best possible parametric

description of the data (i.e. individual Weibull fits). And finally, it shows that the complexity of

our new observer model is appropriate and does not lead to over-fitting.

2.3.4. Weber-Fechner law

The power-law shape of the behavioral and neural prior distribution also sheds a new normative light

on the interpretation of Weber’s law. Famously, Fechner proposed that Weber’s law emerges from a

logarithmic neural encoding of a stimulus variable (Fechner, 1860). Neural encoding of visual speed

in area MT is indeed considered logarithmic (Nover et al., 2005; Burge and Geisler, 2015): When

analyzed in the logarithmic speed domain, the tuning curves of MT neurons are approximately

bell-shaped, scale-invariant, and tile the stimulus space with near-uniform density (Nover et al.,

2005; Pack et al., 2005).

With our new model, we have already demonstrated that a modified power-law prior (Eq. (2.2))

with an exponent of approximately -1 can well account for Weber’s law behavior and the devia-
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tion from it at slow speeds (Fig. 2.6). We can now show that this power-law prior also predicts

logarithmic neural encoding. Specifically, one way to implement the efficient coding constraint

(Eq. (2.1)) is to assume a homogeneous neural encoding (i.e., identical tuning curves that uniformly

tile the sensory space) of the variable of interest transformed by its cumulative distribution func-

tion (CDF) (Ganguli and Simoncelli, 2010; Wei and Stocker, 2012; Wang et al., 2016a), which is

sometimes also referred to as histogram equalization (Acharya and Ray, 2005). With an exponent

c0 = −1, the CDF of the speed prior is exactly the logarithmic function that well-described MT tun-

ing characteristics (Nover et al., 2005) (Methods). Thus, the Bayesian observer model constrained

by efficient coding provides a normative explanation for both Weber’s law and the logarithmic

encoding of visual speed in area MT.

2.4. Discussion

We presented a Bayesian observer model constrained by efficient coding for human visual speed

perception. We fit this model to existing human 2AFC speed discrimination data recorded over

a wide range of stimulus contrasts and speeds, which allowed us to reverse-engineer the “behavior

prior” that best accounts for the psychophysical behavior of individual subjects. In addition, we

analyzed the population encoding accuracy of visual speed based on an existing set of single-cell

recordings in area MT, thereby extracting the “neural prior” according to the efficient coding con-

straint of our observer model. We found that the behavioral prior estimated from the psychophysical

data accurately predicts the neural prior reflected in the encoding characteristics of the MT neural

population.

Our results provide a successful, quantitative validation of the Bayesian observer model constrained

by efficient coding in the domain of visual speed perception. We demonstrate that this model

can accurately account for the behavioral characteristics of bias and threshold in visual speed

perception if subjects’ prior belief about the statistical distribution of visual speed resembles a

power-law function with an exponent of approximately -1. Cross-validation revealed no significant

difference between the best possible parametric description of the behavioral data (i.e., individ-

ual Weibull fits) and our model fits. Compared to the original, more flexible Bayesian model
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formulation (Stocker and Simoncelli, 2006), the added efficient coding constraint results in esti-

mates of behavioral priors that are not only much more consistent across subjects but also re-

markably predictive of the population encoding characteristics of neurons in the motion-sensitive

area MT in the primate brain. Our work substantially strengthens the evidence for the slow-

speed prior interpretation of motion illusions (Weiss et al., 2002; Stocker and Simoncelli, 2004, 2006;

Welchman et al., 2008; Sotiropoulos et al., 2014; Jogan and Stocker, 2015; Senna et al., 2015) (but

see (Rideaux and Welchman, 2020)) by the demonstrated quantitative support from electrophysio-

logical neural data.

We also offer an explanation for why certain perceptual variables have a logarithmic neural represen-

tation and thus follow Weber’s law (Fechner, 1860). According to our model, logarithmic encoding

and Weber’s law both follow from the efficient representation of a perceptual variable with a power-

law prior distribution. We thus predict that perceptual variables that conform to Weber’s law have

power-law distributions with an exponent of approximately -1 and are logarithmically encoded in

the brain (although alternative encoding solutions that satisfy the efficient coding constraint are

possible, see (e.g. Wei and Stocker, 2015)). Indeed, perceptual variables that are known to approxi-

mately follow Weber’s law such as weight (Fechner et al., 1966), light intensity (Treisman, 1964), and

numerosity (Nieder and Miller, 2003; Cheyette and Piantadosi, 2020; Prat-Carrabin and Woodford,

2021), exhibit heavy tails in their statistical distributions under natural environmental conditions

(Dehaene and Mehler, 1992; Dror et al., 2004; Peters et al., 2015; Piantadosi and Cantlon, 2017),

a defining feature of a power-law function. Conversely, any deviation from Weber’s law and the

logarithmic encoding should be reflected in deviations of the statistical stimulus distributions from a

power-law function. Future studies of natural stimulus statistics, modeling of psychophysical data,

and neural recordings will be needed to further and more quantitatively validate the generality of

this prediction.

Other recent work has used efficient coding assumptions to link perceptual discriminability to the

statistical prior distribution of perceptual variables (Gu et al., 2010; Ganguli and Simoncelli, 2016;

Sims, 2018). Our approach is a substantial step forward in that it embeds this link within a full
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behavioral observer model. Thus rather than relying on a single summary metric of behavior (i.e.

discrimination threshold), the predictions of our model are constrained by the full richness of the

psychophysical data, i.e., every single datum in the set. This not only provides a much more

stringent test of the observer model but also permits more robust and precise predictions of neural

coding accuracy and priors.

The presented comparison between behavioral and neural prior is limited to the extent that there

were substantial experimental differences between the behavioral and neural data. For example, we

compared human with non-human primate data and estimated the neural tuning characterization

based on single-cell responses to random-dot motion rather than the broadband, drifting grating

stimuli used in the psychophysical experiment. Yet, the surprisingly accurate match of the extracted

neural and behavioral priors suggests that they may reflect the “true” stimulus prior, in which case

these differences in stimuli and model systems should indeed matter little because the stimulus prior

is largely a property of the environment and not the observer nor the particular stimulus pattern.

Recent studies have demonstrated that it is possible to quantitatively characterize the accuracy

with which a perceptual variable is represented in the human brain using voxel-level encoding

models of functional magnetic resonance imaging signals (Van Bergen et al., 2015). Future work

may exploit this technique to validate and potentially refine our estimates of the “neural prior” in

human subjects. Such work would also permit a more thorough investigation of individual differences

at both behavioral and neural levels through matched task and stimulus designs.

The specific shape of the extracted neural and behavioral prior depends on the assumed efficient

coding objective. The chosen efficient coding constraint (Eq. (2.1)) results from the objective to

maximize the mutual information between neural representation and stimulus (Wei and Stocker,

2016). It is possible, although unlikely given the exceptional good quantitative match, that with a

different combination of efficient coding constraint and loss function, a power-law prior with a dif-

ferent exponent could also be consistent with both the behavioral and neural data (see Wang et al.,

2012; Morais and Pillow, 2018; Rast and Drugowitsch, 2020). This is difficult to validate conclu-

sively without access to an accurate characterization of the stimulus prior of visual speed, as the
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search space over all possible combinations is extensive. Previous work has shown, however, that the

encoding characteristics in early visual cortex for visual stimulus variables for which good estimates

of the stimulus prior exist (e.g., luminance contrast and local orientation) are closely accounted for

by the mutual information maximization objective (Wang et al., 2012).

An important assumption of our observer model is that the neural and behavioral priors not only

match but are also consistent with the statistical distribution of visual speeds in the natural en-

vironment (“stimulus prior”). As such, our results predict that the stimulus prior approximates a

power-law distribution that lies within the range given by the neural and behavioral priors shown

in Fig. 2.8A. However, empirical validation of this prediction by directly measuring the stimulus

prior distribution is rather challenging. Object motion, but also the ego-motion of the observer

in terms of its body, head, and eye movements all contribute to the visual motion signal. Thus,

the precise characterization of the visual speed distribution would require accurate measurements

and calibrations of these different types of motions, as well as of the algorithm used to extract

the motion information from the visual signal. Previous studies have approximated these relative

movements to various degrees and used different algorithms to extract local visual speed from spatio-

temporal images, resulting in different characterization of the prior distribution (Dong and Atick,

1995; Roth and Black, 2007; Baker et al., 2011; Sinha et al., 2021). However, common to all these

measured stimulus priors is that they have higher probabilities at slow speeds and form long-tailed

distributions. Future work using more comprehensive data (DuTell et al., 2020) may provide a

better characterization of visual speed priors under ecologically valid, natural conditions.

We expect our model and analytic approach to be applicable to any other perceptual variable

and task that exhibit characteristic patterns of perceptual biases and discrimination thresholds.

However, of particular interest and posing a strong test of our model are changes in perceptual bias

and threshold that are induced by spatio-temporal context such as adaptation aftereffects or the

tilt-illusion (Schwartz et al., 2007, 2009; Clifford et al., 2007). It is traditionally assumed that these

biases are caused by a mismatch in expectation between encoding and decoding (i.e. the “coding

catastrophe” (Schwartz et al., 2007)), which is in sharp contrast to one of the main features of our
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model. Preliminary results are promising (Wei et al., 2015; Wei and Stocker, 2017). However, more

quantitative analyses are necessary to test how well the framework can account for the data and

what neural and behavioral priors it will predict.

In summary, within the context of visual speed perception, we have demonstrated that the Bayesian

observer model constrained by efficient coding has the potential to provide a unifying framework

that can quantitatively link natural scene statistics with psychophysical behavior and neural rep-

resentation. Our results represent a rare example in cognitive science where behavioral and neural

data quantitatively match within the predictions of a normative theory.
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CHAPTER 3

CONTEXTUAL MODULATION OF ORIENTATION ENCODING IN TILT ILLUSION

The work presented in this chapter is performed in collaboration with Huseyin O. Taskin, Geoffrey

K. Aguirre, and Alan A. Stocker. I contributed to the conceptualization, funding acquisition, data

collection, formal analysis, methodology, validation, software, visualization, and writing of this work.

Abstract

The perceived orientation of a grating is dependent on its surrounding orientation. This “tilt illusion”

is one of the examples of how perception is influenced by both the spatial and temporal context.

Explanations of these effects tend to focus on the mechanism by which the response properties of

sensory neurons are modified in response to stimulus context. However, linking changes in neural

encoding to behavior is difficult because it requires specific assumptions regarding both how stimulus

information is represented and also how it is interpreted. Here, based on the lawful relationship

between perceptual bias, variance, and Fisher information, we developed a method that allows us

to directly characterize the contextual modulations of sensory encoding based on psychophysical

behavior in a tilt-illusion experiment. We found that for a non-oriented surround, sensory encoding

accurately reflected the statistics of visual orientations in natural scenes. However, with oriented

stimulus surrounds, encoding accuracy was significantly boosted at the corresponding surround

orientation. Our results are consistent with the notion that contextual modulations of sensory

encoding represent a form of efficient coding where encoding accuracy is optimized toward the

conditional stimulus statistics within the specific context.

3.1. Introduction

Human perception of sensory stimuli is influenced by the context within which they are presented.

For instance, the perceived orientation of a stimulus can be altered by preceding it with a series

of stimuli with similar orientations. Similarly, the perceived orientation may differ in the pres-

ence of an adjacent spatially oriented surround. These phenomena, known as the tilt aftereffect

(Magnussen and Johnsen, 1986) and tilt illusion (Gibson and Radner, 1937), illustrate how both

39



temporal and spatial context can affect our perception. In both cases, the changes in perception are

associated with a characteristic pattern of repulsive perceptual bias (Mitchell and Muir, 1976) and

reduction in discrimination threshold (Regan and Beverley, 1985) near the adapting orientation.

Lastly, it has been shown that even in the absence of a systematic relationship between stimuli, our

perception can still be influenced by the immediate past history of stimuli and response sequences

(Fischer and Whitney, 2014; Fritsche et al., 2020).

From a normative perspective, it can be beneficial for our sensory representation to adapt to the

local temporal and spatial statistics in order to maximize information capacity (Wark et al., 2007).

Such sensory adaptation in response to changes in stimulus statistics has been demonstrated at

the level of single neurons (Fairhall et al., 2001; Wark et al., 2009) and across neural population

(Benucci et al., 2013). In the case of the tilt aftereffect, electrophysiology studies have shown that

adaptation causes neurons in the early visual cortex to both suppress their responses at and shift

their tuning preferences away from the adapting orientation (Dragoi et al., 2000, 2001). Theoretical

work suggested that these observed effects can be predicted based on a model of the relationship be-

tween divisive normalization in sensory neurons and natural scene statistics (Schwartz et al., 2009).

Similar changes in neural activities have been observed in other studies using fMRI (Fang et al.,

2005) and EEG (Rideaux et al., 2023) measurements.

To link these changes in sensory representation to perceptual behavior, however, requires specific

assumptions about how sensory signals are transformed into perceptual estimates. Formally, per-

ception is commonly described using an encoding-decoding framework, where stimulus θ is first

encoded by noisy neural measurement m. An estimate θ̂ is then generated based on a decoder θ̂(m)

(Fig. 3.1A). Since both the encoding and decoding processes can be altered during sensory adapta-

tion, it is difficult to delineate their individual contributions to behavior. In fact, previous modeling

attempts have assumed decoders ranging from completely fixed and “unaware” of changes (which

leads to a “coding catastrophe”, see Schwartz et al. (2007); Seriès et al. (2009)), to decoders that

match the changing encoders (Stocker and Simoncelli, 2005; Schwartz et al., 2009), and to decoders

that dynamically update the stimulus prior simultaneously as the encoders (Fritsche et al., 2020).
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In this article, we directly measure the changes in sensory encoding in terms of Fisher Information

(FI) across different adaptation contexts, by leveraging a lawful relationship between estimation

bias, variance, and FI (Fig. 3.1A-C). Our method requires only minimal assumptions regarding the

decoder, and thus is agnostic to potential changes in the decoding process (Fig. 3.1D-F). We apply

our methods to estimation data collected in a tilt illusion experiment, and found that the changes

in encoding are consistent with an efficient coding account for which the sensory representation is

optimized towards the conditional statistics of orientation for the specific context.

3.2. Methods

3.2.1. Experiment design

Five participants were asked to estimate the orientation of a briefly presented Gabor grating. The

orientation of the grating was randomly sampled between 0 and 180 deg. The stimulus was presented

for 1500 ms, had a spatial frequency of 1 cyc/deg with random phase, and had a peak contrast of

0.2 with 1 Hz contrast modulation. After an average 4.5 sec delay, participants rotated a line probe

with a two-button keypad to report their response. The average response window is 4.0 sec, as

indicated by the line probe gradually fading out. There were a total of 20 trials within each block,

and the trials were separated by an interval of 2 sec. Participants were allowed to take short breaks

in between the blocks.

In each block, gratings were presented within a stimulus surround consisting of either non-oriented

filtered noise, or gratings with one of two possible fixed orientations (35 or 145 deg) with the same

spatial frequency. The surround had a diameter of 18 visual degrees, with its center 10 degrees being

the target grating. The three types of blocks were interleaved randomly in groups of three, and

each participant finished a total of 60 blocks (a total of 1200 trials, 400 trials for each condition).

3.2.2. Data analysis

Bias and variance

We use a procedure similar to that of Noel et al. (2021). We model each participant as a generic

estimator of the true orientation θ. Participants’ responses θ̂ are stochastic. For a fixed θ, they will
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produce a distribution p(θ̂|θ). We denote the bias b(θ) and variance σ2(θ) of the participants as

(Fig. 3.1A):

b(θ) = Eθ̂∼p(θ̂|θ)[θ̂]− θ, (3.1)

σ2(θ) = Eθ̂∼p(θ̂|θ)[θ̂
2]− Eθ̂∼p(θ̂|θ)[θ̂]

2. (3.2)

Note that both are defined as a function of θ. To compute these quantities from response data, we

apply a sliding window analysis with a size of 12 deg and a step size of 0.5 deg. The mean and

variance are computed within each window, with the true θ chosen as the center of that window.

Cramer-Rao lower bound

Define the encoding model as p(m|θ). Fisher Information (FI) is the variance of the score function:

IF (θ) = Em∼p(m|θ)[(
∂

∂θ
log p(m|θ))2], (3.3)

which quantifies the accuracy of the encoding. In particular, Cramer-Rao lower bound states that

the variance of any unbiased estimator θ̂ is bounded below by FI as Var(θ̂|θ) ≥ 1/IF (θ). For any

estimator θ̂ with a bias is given by b(θ), we have (Casella and Berger, 2021):

Var(θ̂|θ) ≥ [1 + b′(θ)]2

IF (θ)
. (3.4)

Here b′(θ) denotes the derivative of the bias b(θ). That is, for any generic estimator that does attain

the Cramer-Rao lower bound, there is a lawful relationship between encoding accuracy and the bias

and variance of the estimates (Wei and Stocker, 2017). Thus, we obtain a lower bound on the FI

based on b(θ) and σ2(θ) extracted from individual subjects (see Fig. 3.1C and Fig. A.1):

IF (θ) ≥
[1 + b′(θ)]2

σ2(θ)
. (3.5)
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In our analysis, we further assumed the encoding FI is at the lower bound. Decoders commonly used

in the literature, such as maximum likelihood and Bayesian estimation, are both in this category.

To confirm the validity of our analysis, we simulated an observer with anisotropic encoding with the

peak FI at 90 degrees (Fig. 3.1D), and three arbitrary decoders. Although each decoder produces

a distinct pattern of estimation bias and variance, they all attain the Cramer-Rao lower bound

(Fig. 3.1E). Thus, we can correctly recover the encoding FI in all three cases based on Eq. 3.5

(Fig. 3.1F).

Link to stimulus prior

Efficient coding hypothesizes that neural coding aims to maximize information transmission, given

the relevant biological constraints. One possible solution to the efficient coding problem is expressed

in terms of FI (Wei and Stocker, 2016):

p(θ) ∝
√
IF (θ). (3.6)

Thus, we can derive the stimulus prior for which the neural encoding is optimized, assuming the

representation is indeed efficient, based on the normalized FI:

p(θ) =

√
IF (θ)∫ √
IF (θ) dθ

. (3.7)

The denominator,
∫ √

IF (θ) dθ, also quantifies the total amount of information in the encoding. In

our results below, we will use the normalized (root) FI as the primary measure of sensory encoding.

3.3. Results

We first examine the behavior of the combined subject by examining the bias b(θ), that is, the

systematic error in participants’ estimate of the stimulus orientation. In all three surround con-

ditions, the subject showed an oblique bias (Jastrow, 1892), that is, the perceived orientation is

biased away from the cardinal directions (i.e., vertical and horizontal) and toward the obliques.

In addition, having an oriented surround induced a robust repulsive bias (i.e., away from) at the

surround orientation on top of the overall bias pattern (Fig. 3.2A). See Fig. A.1 for similar plots for
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individual subjects, including the raw response data.

To characterize the sensory encoding across the three conditions, we applied our method described

above to extract the normalized FI (Eq. 3.5, 3.7). We found that in the baseline condition, FI peaked

at cardinal directions. The shape of FI qualitatively matched previously measured distribution of

orientations in natural images (Coppola et al., 1998; Girshick et al., 2011), consistent with the idea

that the encoding is optimized towards the natural orientation statistics (Fig. 3.2B).

When the stimulus is presented within an oriented surround, the FI near the surround orientation is

significantly boosted (Fig. 3.2B). That is, center orientations similar to the surround are represented

with increased accuracy. It has been shown that there exists a strong dependency between adjacent

spatial locations in natural scenes: Felsen et al. (2005) calculated the distribution of the orientation

differences between the center and surround regions from a set of natural images. They found

that the distribution is centered at 0 deg, with a variance of around 10 deg. Similar findings have

been observed for consecutive frames in natural movies (Felsen et al., 2005; Schwartz et al., 2007;

Van Bergen and Jehee, 2019). Thus, the surround orientation provides a reliable expectation for

the possible center orientations. Therefore, this local increase in FI can be explained as optimizing

encoding towards the conditional orientation distribution, informed by the surround context. Lastly,

we have conducted the same analysis for individual subjects, and have found a consistent pattern

across all five participants (Fig. A.1).

To highlight the changes in encoding due to spatial context, we define an orientation adaptation

kernel, as the difference in the normalized FI between the surround and baseline condition (Fig. 3.3).

In both cases, the adaptation kernel is clearly unimodal, with a prominent peak at the surround

orientation. There also seems to be an overall reduction in FI further away from the peak, but it

did not reach statistical significance in our current data.

3.4. Future Work

We developed a method for extracting the FI of sensory encoding based on psychophysical estimation

data. We applied our method to participants’ responses in a tilt-illusion experiment, and found that

46



0 45 90 135 180
Orientation (deg)

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

D
el

ta
 F

I

0 45 90 135 180
Orientation (deg)

Adaptation Kernel 
(Di�erence in normalized FI)

Surround = 35 deg Surround = 145 deg
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the changes in encoding are consistent with an efficient coding account, for which the representation

of orientation is optimized toward the spatial conditional statistics informed by the surround context.

Similar to Chapter 2, we would like to further validate our method against direct physiological

measurements of sensory encoding. In particular, we are interested in quantifying the neural coding

accuracy based on blood-oxygen-level-dependent (BOLD) signals recorded when participants are

viewing orientation stimuli. Below, we will provide a description of the analysis methods, together

with some preliminary results for the no-surround condition based on previous data collected in

Van Bergen et al. (2015).

The stimulus design in Van Bergen et al. (2015) is similar to what we have described above, except

that the gratings are presented without any surround context. To quantify the neural responses to

each stimulus presentation, ROIs for each subject are defined with a separate retinotopy session. The

voxels from the V1, V2, and V3 regions are selected for subsequent analysis. The voxel response for

each trial is computed by averaging the BOLD time course within a 4-second window after stimulus
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onset, after adding 4 seconds to account for the delay in the hemodynamic response function (HRF).

To characterize orientation encoding, Van Bergen et al. (2015) developed a probabilistic encoding

model for the voxel responses:

mi =
K∑
k=1

Wik(fk(θ) + ηk) + vi, (3.8)

where mi’s are the individual voxels, W is the weight matrix, and fk(θ)’s are basis orientation tuning

functions. ηk’s are the encoding noise specific for each basis function, and the vi’s are residual noise

for each voxel. Each tuning function with a preference of ϕk is of the form:

fk(θ) = max(0, cos(θ − ϕk))
5. (3.9)

The encoding model defines the likelihood function p(m|θ) over all the voxels in the ROI. The

complete form of the encoding model is a multivariate Gaussian distribution. Denote the variance

of ηk’s as σ2, and the residual variance vi’s as a vector τ2. The mean and covariance are given by:

µ = Wf⃗(θ), Σ = ρττT + (1− ρ)I ◦ ττT + σ2WW T , (3.10)

respectively (see Van Bergen et al. (2015); Van Bergen and Jehee (2021)). Note W,ρ, τ and σ2 are

the free parameters of the model. These parameters are estimated using a two-step procedure

(Van Bergen et al., 2015): First, W is estimated using linear regression, and then τ, ρ, σ are esti-

mated using maximum likelihood with the fixed Ŵ . We re-implemented the model in PyTroch,

allowing us to take advantage of automatic differentiation and GPU computation:

https://github.com/lingqiz/Orientation-Encode/blob/main/analysis/encode.py

This encoding model can be used to decode orientation based on the voxel activity. For example,

the posterior mean estimator is as follows:

θ̂(m) =

∫
θ p(θ|m)dθ =

∫
θ

p(m|θ)p(θ)∫
p(m|θ)p(θ)dθ

dθ (3.11)
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orientation for the combined subject based on 18 individuals in Van Bergen et al. (2015). FI is
defined as the mean of the negative second derivative of the orientation likelihood, computed from
trials in the validation data. Error bars represent ±2 SEM.

In Fig. 3.4A, we show the result of orientation decoding from one example subject using a cross-

validation procedure: For each iteration, we withhold 10 trials from the data. We fit the encoding

model (Eq. 3.8) on the remaining data (∼ 300 trials) using the two-step procedure described above.

The estimates are then obtained for the 10 trials according to Eq. 3.11. The process is then repeated

until every trial has become a validation trial exactly once.

Our goal here is to see if it is possible to quantify the coding accuracy based on the voxel encoding

model. As a proof of concept, below we demonstrate that we can extract neural FI from the BOLD

activities, based on the data from Van Bergen et al. (2015). Concretely, for a stimulus θ and the

corresponding voxel response m on a given trial, the observed FI is defined at θ as the second

derivative of the likelihood function:

IF (θ)
∗ =

∂2p(m|θ)
∂θ2

. (3.12)
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Here the likelihood p(m|θ) is obtained by fitting the model (Eq. 3.10) using the same cross-validation

procedure as decoding. We compute the IF (θ)
∗ for each trial, and then combined the data from all

18 individual subjects in the dataset, and applied a sliding window average to compute the average

neural FI for the combined subject (Fig. 3.4) as a function of stimulus orientation. The results

corroborate the FI we extracted based on behavior in the baseline condition (Fig. 3.2B): The FI

peaks at the cardinal directions, and is the lowest near the obliques.

Based on our preliminary results, it appears that we can accurately characterize neural coding

of orientation using BOLD responses. Moving forward, our research will aim to measure BOLD

signals while subjects view tilt-illusion stimuli, in order to quantify changes in orientation encoding

in different contexts based on voxel data. Our hope is that these results will align with the conclusion

based on the psychophysical estimation data.

The results we presented here are complementary to those in Chapter 2. We developed an alternative

method to extract behavioral prior from psychophysical estimation data, and obtained neural prior

using different measurement techniques at a coarser spatial resolution but across a larger neural

population. In both cases, we have found precise correspondences between the behavioral and

neural prior. Thus, our results demonstrate the generality of our framework and constitute a strong

quantitative validation of the efficient coding theory.
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CHAPTER 4

IMAGE RECONSTRUCTION FRAMEWORK FOR CHARACTERIZING INITIAL

VISUAL ENCODING

This chapter was previously published as: Ling-Qi Zhang, Nicolas P Cottaris, and David H Brainard.

An image reconstruction framework for characterizing initial visual encoding. eLife, 11:e71132,

2022a. I contributed to the conceptualization, formal analysis, methodology, validation, software,

visualization, and writing of this work.

Abstract

We developed an image-computable observer model of the initial visual encoding that operates on

natural image input, based on the framework of Bayesian image reconstruction from the excita-

tions of the retinal cone mosaic. Our model extends previous work on ideal observer analysis and

evaluation of performance beyond psychophysical discrimination, takes into account the statistical

regularities of the visual environment, and provides a unifying framework for answering a wide

range of questions regarding the visual front end. Using the error in the reconstructions as a metric,

we analyzed variations of the number of different photoreceptor types on human retina as an op-

timal design problem. In addition, the reconstructions allow both visualization and quantification

of information loss due to physiological optics and cone mosaic sampling, and how these vary with

eccentricity. Furthermore, in simulations of color deficiencies and interferometric experiments, we

found that the reconstructed images provide a reasonable proxy for modeling subjects’ percepts.

Lastly, we used the reconstruction-based observer for the analysis of psychophysical threshold, and

found notable interactions between spatial frequency and chromatic direction in the resulting spatial

contrast sensitivity function. Our method is widely applicable to experiments and applications in

which the initial visual encoding plays an important role.

4.1. Introduction

Visual perception begins at the retina, which takes sensory measurements of the light incident at

the eyes. This initial representation is then transformed by computations that support perceptual
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inferences about the external world. Even these earliest sensory measurements, however, do not

preserve all of the information available in the light signal. Factors such as optical aberrations,

spatial and spectral sampling by the cone mosaic, and noise in the cone excitations all limit the

information available downstream.

One approach to understanding the implications of such information loss is ideal observer analysis,

which evaluates the optimal performance on psychophysical discrimination tasks. This allows for

quantification of the limits imposed by features of the initial visual encoding, as well as predictions of

the effect of variation in these features (Geisler, 1989, 2011). Ideal observer analysis separates effects

due to the visual representation from inefficiencies in the processes that mediate the discrimination

decisions themselves. Such analyses have often been applied to analyze performance for simple

artificial stimuli, assuming that the stimuli to be discriminated are known exactly (Banks et al.,

1987; Davila and Geisler, 1991) or known statistically with some uncertainty (Pelli, 1985; Geisler,

2018). The ideal observer approach has been extended to consider decision processes that learn

aspects of the stimuli being discriminated, rather than being provided with these a priori, and

extended to handle discrimination and estimation tasks with naturalistic stimuli (Burge and Geisler,

2011, 2014; Singh et al., 2018; Chin and Burge, 2020; Kim and Burge, 2020). For a recent review

see Burge (2020); also see Tjan and Legge (1998); Cottaris et al. (2019, 2020).

It is generally accepted that the visual system has internalized the statistical regularities of natural

scenes, so as to take advantage of these regularities for making perceptual inferences (Attneave, 1954;

Field, 1987; Shepard, 1987; Kersten and Yuille, 1996). This motivates interest in extending ideal

observer analysis to apply to fully naturalistic input, while incorporating the statistical regularities

of natural scenes (Burge, 2020). Here we pursue an approach to this goal that, in addition, extends

the evaluation of performance to a diverse set of objectives.

We developed a method that, under certain assumptions, optimally reconstructs images from noisy

cone excitations, with the excitations generated from an accurate image-computable model of the

front end of the visual system (Cottaris et al., 2019, 2020). We use the term “image-computable"

here in contrast with observer models that operate on abstract and/or hypothetical internal represen-
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tations. The image reconstruction approach provides us with a unified framework for characterizing

the information loss due to various factors in the initial encoding. In the next sections, we show

analyses that: 1) use image reconstruction error as an information metric to understand the retinal

mosaic “design" problem, with one example examining the implications of different allocations of

retinal cone types; 2) allow both visualization and quantification of information loss due to phys-

iological optics and cone mosaic sampling and how this varies with eccentricity, as well as with

different types of color deficiency; 3) combine the image reconstruction approach with analysis of

psychophysical discrimination, providing a way to incorporate into such analyses the assumption

that our visual system takes into account the statistical regularities of natural images.

4.2. Methods

The problem of reconstructing images from neural signals can be considered in the general framework

of estimating a signal x, given an (often lower-dimensional and noisy) measurement m. We take a

Bayesian approach. Specifically, we model the generative process of measurement as the conditional

probability p(m|x) and the prior distribution of the signal as the probability density p(x). We then

take the estimate of the signal, x̂, as the maximum a posteriori estimate argmax p(m|x̂)p(x̂). We

next explain in detail how each part of the Bayesian estimate is constructed.

4.2.1. Likelihood function

In our particular problem, x is a column vector containing the (vectorized) RGB pixel values of

an input image of dimension N ∗ N ∗ 3, where N is the linear pixel size of the display. Below

we will generalize from RGB images to hyperspectral images. The column vector m contains the

excitations of the M cone photoreceptors. The relationship between x and m is modeled by the

ISETBio software (Cottaris et al. 2019, 2020; Fig. 4.1). ISETBio simulates in detail the process

of displaying an image on the monitor, the wavelength-dependent optical blur of the human eye

and spectral transmission through the lens and the macular pigment, as well as the interleaved

sampling of the retinal image by the L, M and S cone mosaic. For the majority of simulations

presented in our paper, we simulate a 1-deg foveal retina mosaic, which contains approximately

11,000 cone photoreceptors. A stochastic procedure was used to generate approximately hexagonal
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mosaics with eccentricity-varying cone density matched to that of the human retina (Curcio et al.,

1990)). See Cottaris et al. (2019) for a detailed description of the algorithm. We use a wavelength-

dependent point spread function empirically measured in human subjects (Marimont and Wandell,

1994; Cottaris et al., 2019), with a pupil size of 3-mm. We took the cone integration time to be

50 ms. The input images of size 128 ∗ 128 ∗ 3 were displayed on a simulated typical CRT monitor

(simulated with a 12 bit-depth in each of the RGB channels to avoid quantization artifacts).

Once the RGB pixel values in the original image are linearized, all the processes involved in the

relation between x and m, including image formation by the optics of the eye and the relation be-

tween retinal irradiance and cone excitations, are well described as linear operations. Furthermore,

the instance-to-instance variability in cone excitations is described by a Poisson process acting inde-

pendently in each cone. Thus p(m|x) is the product of Poisson probability mass functions, one for

each cone, with the Poisson mean parameter λi for each cone determined by a linear transformation

of the input image x. We describe the linear transformation between x and the vector of Poisson

mean parameters λ by a matrix R, and thus obtain:

p(m|x) =
M∏
i=1

Poisson(mi|λi = [Rx]i). (4.1)

We refer to the matrix R as the render matrix. This matrix together with the Poisson variability

encapsulates the properties of the initial visual encoding through to the level of the cone excitations.

In cases where we parameterize properties of the initial visual encoding (parameters denoted by θ

in the text above), the render matrix is a function of these parameters.

Although ISETBio can compute the relation between the linearized RGB image values at each pixel

and the mean excitation of each cone, it does so in a general way that does not exploit the linearity

of the relation. To speed the computations, we use ISETBio to precompute R. Each column of R is

a vector of mean cone excitations rj to a basis image xj with one entry set to one and the remaining

entry set to zero. To determine R, we use ISETBio to compute explicitly each of its columns rj .

We verified that calculating mean cone excitations from an image via Rx yields the same result as

applying the ISETBio pipeline directly to the image.
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See Code and Data Availability for parameters used in the simulation including display specifications

(i.e., RGB channel spectra, display gamma function) and cone mosaic setup (i.e., cone spectral

sensitivities, lens pigment and macular pigment density and absorption spectra), as well as some of

the pre-computed render matrices.

4.2.2. Null space of render matrix

To understand the information lost between an original RGB image and the mean cone excitations,

we can take advantage of the linearity property of the render matrix. Variations in the image

space that are within the null space of the (low-rank) render matrix R will have no effect on the

likelihood. That is, the cone excitation pattern provides no information to disambiguate between

image variants that differ only by vectors within the null space of R. To obtain the null space of R,

we used MATLAB function null, which computes the singular value decomposition of R. The set

of right singular vectors whose associated singular values are 0 form a basis for the null space.

As an illustration, we generated random samples of images from the null space by taking linear

combinations of its orthonormal basis vectors, where the weights are sampled independently from

a Gaussian distribution with a mean of 0 and a standard deviation of 0.3. As shown in Fig. 4.3D,

altering an image by adding to it samples from the null space has no effect on the likelihood.

4.2.3. Prior distribution

We also need to specify a prior distribution p(x). The problem of developing statistical models of

natural images has been studied extensively using numerous approaches, and remains challenging

(Simoncelli, 2005). The high-dimensionality and complex structure of natural images makes it

difficult to determine a high-dimensional joint distribution that properly captures the various forms

of correlation and higher-order dependencies of natural images. Here, we have implemented two

relatively simple forms of p(x).

We first introduce a simple Gaussian prior p (x) to set up the basic concepts and notations for image

prior based on basis vectors. In particular, for the Gaussian prior, we assume p (x) = N (x|µ,Σ).

For convenience, we zero-centered our images when building priors, making µ = 0. The actual mean
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value of each pixel is added back to each image when computing the likelihood and at the end of

the reconstruction procedure. The covariance matrix Σ can be estimated empirically, from a large

dataset of natural images. Note that we can write the covariance matrix as its eigen-decomposition:

Σ = QΛQ−1. Defining β = Λ−1/2Q−1x, we have:

p(β) = N (β|0, I) (4.2)

This derivation provides a convenient way of expressing our image prior: We can project images onto

an appropriate set of basis vectors, and impose a prior distribution on the projected coefficients.

In the case above, if we choose the basis vectors as the column vectors of Λ−1/2Q−1, we obtain an

image prior by assuming that the entries of β are each independently distributed as a univariant

standard Gaussian (Simoncelli, 2005). Such a Gaussian prior can describe the first and second order

statistics of natural images, but fails to capture important higher-order structure (Portilla et al.,

2003).

Our second model of p (x) emerges from the basis set formulation. Rather than choosing the basis

vectors from the eigen-decomposition as above and using a Gaussian distribution over the weights β,

we instead choose an over-complete set of basis vectors using independent components analysis, and

model the distribution of the entries of weight vector β using the long-tailed distribution Laplace

distribution. This leads to a sparse coding model of natural images (Olshausen and Field, 1996)

(Simoncelli and Olshausen, 2001). More specifically, we learned a set of K
(
K ≥ 3N2

)
basis vectors

that lead to a sparse representation of our image dataset, through the reconstruction independent

component analysis (RICA) algorithm (Le et al., 2011) applied to whitened images, and took these

as the columns of the basis matrix E. Our image prior in this case can be written as p (β), with

β = E+x. Here E+ represents the pseudoinverse of matrix E, and

p (β) =

K∏
k=1

1

2b
exp (− |βk| /b) . (4.3)

Note that we further scaled each column of E to equalize the variance across βk’s.
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Both methods outlined above can be applied directly to small image patches. They are compu-

tationally intractable for larger images, however, since the calculation of basis vectors will involve

either an eigen-decomposition of a large covariance matrix or independent component analysis of

a set of high-dimensional image vectors. To address this limitation, we iteratively apply the prior

distributions we have constructed above to overlapping small patches of the same size within a large

image (Guleryuz, 2006).

To illustrate the idea, consider the following example: Assume we have constructed a prior dis-

tribution p(y), for small image patches y of size Npatch ∗ Npatch. To model a larger image x of

size pNpatch ∗ pNpatch, we could consider viewing x as composed of p ∗ p independent patches of

non-overlapping y′js. Under this assumption, the prior on x could be expressed as the product:

p(x) ∝
p∗p∏
j=1

p(yj), (4.4)

where y′js describe individual patches of size Npatch∗Npatch within x. The independence assumption

is problematic, however, since y′js are far from independently sampled natural images: they need to

be combined into a single coherent large image. Using this approach to approximate a prior would

create block artifacts at the patch boundaries.

The basic idea above, however, can be extended heuristically to solve the block artifact problem by

allowing yj ’s to overlap with each other. The degree of overlap can be viewed as an additional pa-

rameter of the prior, which we refer to here as the stride. This effectively implements a convolutional

form of the sparse coding prior Gu et al. (2015)). Again, for example, consider a large image x of

size pNpatch ∗pNpatch. A stride of 1 will tile through all (pNpatch−Npatch+1)∗ (pNpatch−Npatch+1)

possible patches of size Npatch ∗Npatch within x, yielding a prior distribution of the form:

p(x) ∝
(pNpatch−Npatch+1)2∏

j=1

p(yj) (4.5)

Although this form of prior is still an approximation, we have found it to work well in practice, and
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using it does not lead to visible block artifacts as long as the stride parameter is sufficiently smaller

than Npatch.

4.2.4. Maximum a Posteriori estimation

To reconstruct the image x̂ given a pattern of cone excitation m, we find the maximum a posteriori

estimate:x̂ = argmax p (m|x̂) p (x̂). In practice, this optimization is usually expressed in terms of

its logarithmic counterpart: x̂ = argmax [logp (m|x̂) + logp (x̂)].

For the Poisson likelihood and sparse coding prior, the equation above becomes:

x̂ = argmax

 M∑
i=1

(−λi +mi ∗ log (λi)) + γ ∗
J∑

j=1

K∑
k=1

|βjk|+ c

 , (4.6)

where λ = Rx̂, βj = E+yj , y′js are individual patches of size Npatch ∗ Npatch within x. Each βj is

of length K and there are a total of J (overlapping) patches. Lastly, c is a constant that does not

depend on x̂.

In principle, the value of γ can be analytically derived based on the parametric form of the prior.

However, due to the approximate nature of our prior, introduced especially by the aggregation over

patches, we left γ as a free parameter. Treating γ as a free parameter also provides some level of

robustness against misspecification of the prior more generally. For most of the reconstruction results

presented in this paper, the value of γ was determined by maximizing reconstruction performance

with a cross-validation procedure (see Fig. 4.2). We also found that the optimal γ values were

similar across the two loss functions we considered. Note that the additional flexibility provided

by this γ parameter also provides us with a parametric way to manipulate and isolate the relative

contribution of the log-likelihood and log-prior terms to the reconstruction (e.g., Fig. 4.2; also

compare Fig. 4.7 and Fig. B.4).

The optimization problem required to obtain x̂ can be solved efficiently using the MATLAB function
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fmincon by providing the analytical gradient to the minimization function:

∂ log p (m|x)
∂x

=

(
−1 +m ◦ 1

λ

)T

∗R,
∂ log p (y)

∂y
= sign (β)T ∗ E+, (4.7)

where λ = Rx, β = E+y, ◦ denotes element-wise product between two vectors, 1λ is the element-wise

inverse of vector λ, and

sign (βi) = −1 for βi < 0 and 1 for βi > 0 (4.8)

4.2.5. RGB image dataset

We used the ImageNet ILSVRC (Russakovsky et al., 2015) as our dataset for natural RGB images.

Fifty randomly sampled images were reserved as the evaluation set, and the rest of the images were

used for learning the prior and for cross-validation. For the sparse prior, we constructed a basis set

size of K = 768, on image patches of size 16 ∗ 16 sampled from the training set, and used a stride of

4 when tiling larger images. We randomly sampled 20 patches from each one of the 5, 000 images

in the training set for learning the prior (ICA analysis), and 500 images for the cross-validation

procedure to determine the γ parameter.

In our work, we simulate display of the RGB images on idealized monitor to generate spectral

radiance as a linear combination of the monitor’s RGB channel spectra. Thus, a prior over the linear

RGB pixels values induces a full spatial-spectral prior. To make sure the constraints introduced by

RGB images together with the monitor do not influence our results, we also conducted a control

analysis using hyperspectral images directly, as described in the following section.

4.2.6. Hyperspectral images

As a control analysis, we developed priors and reconstructed images directly on small patches of

hyperspectral images. The development is essentially the same as above, with the generalization

being to increase the number of channels in the images from 3 to N . In addition, since our algorithm

treats images as high-dimensional vectors, it can be directly applied to reconstruct hyperspectral

images. Here, we used images from Nascimento et al. (2002) and Chakrabarti and Zickler (2011).

The dataset of Nascimento et al. (2002) was pre-processed following the instructions provided by
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the authors, and the images of Chakrabarti and Zickler (2011) were converted to spectral radiance

using the hyperspectral camera calibration data provided in that work. We further resampled the

combined image dataset with a patch size of 18 ∗ 18 and 15 uniformly spaced wavelengths between

420 nm and 700 nm for a dataset of ∼ 5000 patches. We retained 300 of them as the evaluation set,

and the rest for prior learning and cross-validation. The remaining of the analysis (i.e., prior and

reconstruction algorithm) followed the same procedures as those used for the RGB images, using

number of basis functions K = 4860 and applied directly to each small image without the patchwise

procedure.

See Code and Data Availability for the curated RGB and hyperspectral image dataset, as well

learned basis functions for each sparse prior.

4.2.7. Gaussian prior for synthetic images

We also reconstructed multivariate Gaussian distributed synthetic images with known chromatic

and spatial correlations that we can explicitly manipulate (Fig. 4.5). To construct these signals

x ∼ N (µ,Σ), where x is RGB image of size N ∗ N ∗ 3 (N = 36 in our current analysis), we set

µ = 0.5, and used a separable Σ along its two spatial dimensions and one chromatic dimension.

That is:

Σ = Σc ⊗ Σs ⊗ Σs, (4.9)

where Σc is the chromatic covariance matrix of size (3 ∗ 3)

Σc (i, j) = σ2
c ∗ ρ|i−j|

c , (4.10)

and Σs is the spatial covariance matrix of size(N ∗N)

Σs (i, j) = σ2
s ∗ ρ|i−j|

s . (4.11)

In the covariance matrix constructions, i, j index into entries of Σc and Σs at i-th row and j-th

column. Here ⊗ represents the Kronecker product, thus producing the signal covariance matrix Σ

of size
(
3N2 ∗ 3N2

)
(Brainard et al., 2008; Manning and Brainard, 2009).

60



The parameters σ2
c and σ2

s determine the overall variance of the signal, which are fixed across all

simulations, whereas by changing the value of ρc and ρs, we manipulate the degree of spatial and

chromatic correlation presented in the synthetic images (Fig. 4.5).

We introduce an additional simplification for the case of reconstructions with respect to the synthetic

Gaussian prior: We approximated the Poisson likelihood function with a Gaussian distribution with

fixed variance. Thus, the reconstruction problem can be written as:

p(β) = N (β|0, I), (4.12)

p (m|β) = N
(
m;RQΛ1/2β, σ2I

)
, (4.13)

where R is the render matrix, and Σ = QΛQ−1.

The reconstruction problem with Gaussian prior and Gaussian noise matches the ridge regression

formulation, and can be solved analytically by the regularized normal equations, applied directly to

each small image without the patchwise procedure. Denote the design matrix D = RQΛ1/2:

β̂ =
(
DTD + γI

)−1
DTm, (4.14)

x̂ = QΛ1/2β̂. (4.15)

Note that the γ parameter here is also determined through a cross-validation routine. We adopted

this simplification (using Gaussian noise) for the simulation results in Fig. 4.5, in order to make

it computationally feasible to evaluate the average reconstruction error across a large number of

synthetic image datasets.

4.2.8. Variations in retinal cone mosaic

To simulate a dichromatic observer, we constructed retinal mosaics with only two classes of cones

but with similar spatial configuration. To simulate the deuteranomalous observer, we shifted the M

cone spectral sensitivity function, setting its peak at 550 nm instead of the typical 530 nm. In both

cases, the likelihood function (i.e., render matrix R) was computed using the procedure described

61



above and the same Bayesian algorithm was applied to obtain the reconstructed images.

In Fig. 4.6 we also present the results of two comparison methods for visualizing dichromacy, those

of Brettel et al. (1997) and Jiang et al. (2016), both are implemented as part of ISETBio routine. To

determine the corresponding dichromatic images, we first computed the LMS trichromatic stimulus

coordinates of the linear RGB value of each pixel of the input image, based on the parameters of the

simulated CRT display. LMS coordinates were computed with respect to the Stockman-Sharpe 2-deg

cone fundamentals (Stockman and Sharpe, 2000). The ISETBio function lms2lmsDichromat was

then used to transform these LMS coordinates according to the two methods (see a brief description

in the main text). Lastly, the transformed LMS coordinates were converted back to linear RGB

values, and gamma corrected before rendering.

To simulate retinal mosaics at different eccentricities, we constructed retinal mosaics with the ap-

propriate photoreceptor size, density (Curcio et al., 1990), and physiological optics (Polans et al.,

2015), and computed their corresponding render matrices. The same Bayesian algorithm was applied

to obtain the reconstructed images.

To simulate the interferometric experimental conditions of Williams (1985), we used diffraction-

limited optics without longitudinal chromatic aberration (LCA) for the computation of the cone

excitations, but used the likelihood function with normal optics for the reconstruction. This models

subjects whose perceptual systems are matched to their normal optics and assumes there is no

substantial adaptation within the short time span of the experiment.

4.2.9. Contrast sensitivity function

We compared the spatial Contrast Sensitivity Function (CSF) between a standard, Poisson 2AFC

ideal observer, and an image reconstruction-based observer. We simulated stimulus modulations in

two chromatic contrast directions, L+M and L-M. Contrast was measured as the vector length in

the L and M cone contrast plane at 5 spatial frequencies, [2, 4, 8, 16, 32] cycles per degree. For each

chromatic direction and spatial frequency combination, the sensitivity is defined as the inverse of

threshold contrast.
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We used the QUEST+ procedure (Watson, 2017) as implemented in MATLAB by Brainard (https:

//github.com/BrainardLab/mQUESTPlus) for estimating the simulated threshold efficiently as fol-

lows: We initialized the procedure with the contrast near the middle of a pre-defined possible

stimulus range. For each contrast, we first generated a null template Tnull, which is the noise-free,

average excitations of a 0.5 deg foveal mosaic with Ncones cones to a uniform background stimulus;

and a target template Ttarg, which is the noise-free, average cone excitations to a grating stimulus

at that contrast level. We then simulated 128 two alternative forced choice (TAFC) trials at this

contrast. For each trial, two Poisson-noise corrupted observed sets of cone excitations rnull and

rtarg, are generated based on Tnull and Ttarg, respectively. We determine the accuracy of for TAFC

trials with the target in the first interval. Based on the observer responses, the QUEST+ procedure

chooses the next test contrast according to an information-maximization criterion (Watson, 2017)).

The process is repeated 15 times, for a total of 15× 128 = 1920 trials.

For the Poisson TAFC observer, we directly compute the likelihood ratio for the two possible

orderings of the null and target stimulus:

Λ =
Poisson (rtarg|Ttarg)Poisson (rnull|Tnull)

Poisson (rtarg|Tnull)Poisson (rnull|Ttarg)
. (4.16)

Taking the logarithm of the equation above, the decision rule simplifies to the following:

d =

Ncones∑
i=1

{(rtarg ◦ log Ttarg + rnull ◦ log Tnull)− (rnull ◦ log Ttarg + rtarg ◦ log Tnull)}i (4.17)

where ◦ denotes element-wise product between two vectors. The simulated observer correctly

chooses target in first interval when d > 0, and incorrectly test in second when d < 0. Because of

symmetry, we only need to simulated one of the two TAFC orders.

For the image reconstruction-based observer, given the cone responses, it first applies the recon-

struction algorithm to obtain the image template T̂null and T̂targ from Tnull and Ttarg, and also noisy

image instances r̂null and r̂targ by applying the same algorithm to rnull and rtarg. We then perform
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a template-matching decision rule as follows:

d =

√
||r̂targ − T̂targ| |22 + ||r̂null − T̂null| |22 −

√
||r̂null − T̂targ| |22 + ||r̂targ − T̂null| |22, (4.18)

where || · ||2 represents the L2 norm of a vector. The template observer correctly chooses target

in first interval when d < 0, and incorrectly target in second interval when d > 0. We choose the

template matching procedure for computational convenience. Note that because the variability in

the reconstructed images is not independent across pixels, this procedure is not ideal.

4.2.10. Code and data availability

The MATLAB code used for this paper is available at:

https://github.com/isetbio/ISETImagePipeline

In addition, the curated RGB and hyperspectral image datasets, parameters used in the simulation

including display and cone mosaic setup, as well as the intermediate results such as the learned

sparse priors, likelihood functions (i.e., render matrices), are available through: https://tinyurl.

com/26r92c8y

4.3. Results

We developed a Bayesian method to reconstruct images from sensory measurements, which we

describe briefly here (see Methodsfor details). We begin with a forward model that expresses the

relation between an image and its visual representation at a well-defined stage in the visual pathway.

Here that stage is the excitations of the photoreceptors of the retinal cone mosaic, so that our model

accounts for blur in retinal image formation, spatial and spectral sampling by the cone mosaic, and

the noise in the cone excitations. The approach is general, however, and may be applied to other

sites in the visual pathways (see e.g., Naselaris et al. (2009); Parthasarathy et al. (2017)). Our

forward model is implemented within the open-source software package ISETBio (isetbio.org; Fig.

4.1A-C) which encapsulates the probabilistic relationship between the stimulus (i.e., pixel values of

a displayed RGB image) and the cone excitations (i.e., trial-by-trial photopigment isomerizations).

ISETBio simulates the process of displaying an image on a monitor (Fig. 4.1A), the wavelength-
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dependent optical blur of the human eye and spectral transmission through the lens and the macular

pigment (Fig. 4.1B), as well as the interleaved spatial and chromatic sampling of the retinal image

by the L, M and S cones (Fig. 4.1C). Noise in the cone signals is characterized by a Poisson process.

The forward model allows us to compute the likelihood function. The likelihood function represents

the probability that an observed pattern of cone excitations was produced by any given image.

To obtain a prior over natural images, we applied independent components analysis (ICA, see

Methods) to a large dataset of natural images (Russakovsky et al., 2015), and fit an exponential

probability density function to the individual component weights (Fig. 4.1D). The prior serves as

our description of the statistical structure of natural images.

Given the likelihood function, prior distribution, and an observed pattern of cone excitations, we

can then obtain a reconstruction of the original image stimulus by applying Bayes rule to find the

posterior probability of any image given that pattern. We take the reconstructed image as the one

that maximizes the a posteriori probability (MAP estimate, see Methods) (Fig. 4.1D).

4.3.1. Basic properties of the reconstructions

To understand the consequences of initial visual encoding, we need to study the interaction between

the likelihood function (i.e., our model of the initial encoding) and the statistics of natural images

(i.e., the image prior). There are strong constraints on the statistical structure of natural images,

such that natural images occupy only a small manifold within the space of all possible images.

The properties of the initial encoding produce ambiguities with respect to what image is displayed

when only the likelihood function is considered, but if these can be resolved by taking advantage of

the statistical regularities of the visual environment, they should in principle, not prohibit effective

visual perception. To illustrate this point, consider the simple example of discrete signal sampling:

Based on the sampled signal, one cannot distinguish between the original signal from all its possible

aliases (Bracewell and Bracewell, 1986)). However, with the prior knowledge that the original signal

contains only frequencies below the Nyquist frequency of the sampling array, this ambiguity is

resolved. In the context of our current study, the role of the natural image prior comes in several

forms, as we will demonstrate in Results. First, since the reconstruction problem is underdetermined,
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Figure 4.1: Model of the Initial Visual Encoding and Bayesian Reconstruction from Cone Mosaic
Excitation. A) The visual stimulus, in our case a natural image in RGB format, is displayed on
a simulated monitor, which generates a hyperspectral scene representation of that image. B) The
hyperspectral image is blurred with a set of wavelength-dependent point-spread functions typical
of human optics. We also account for spectral transmission through the lens and the macular
pigment. This process produces the retinal image at the photoreceptor plane. C) The retinal image
is then sampled by a realistic cone mosaic, which generates cone excitations (isomerizations) for
each cone. The trial-by-trial variability in the cone excitations is modeled as a Poisson process. D)
Our Bayesian reconstruction method takes the pattern of cone excitations as input and estimates
the original stimulus (RGB image) based on the likelihood function and a statistical model (prior
distribution) of natural images (See Methods).
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the prior is a regularizer, providing a unique MAP estimate; Second, the prior acts as a denoiser,

counteracting the Poisson noise in the cone excitation; Lastly, the prior guides the spatial and

spectral demosaicing of the signals provided via the discrete sampling of the retinal image by the

cone mosaic.

To highlight the importance of prior information while holding the likelihood function fixed, we can

vary a parameter γ that adjusts the weight of the log-prior term in the reconstruction objective

function (see Methods). Explicitly manipulating γ reveals the effect of the prior on the reconstruction

(Fig. 4.2). When γ is small, the reconstruction is corrupted by the noise and the ambiguity of the

initial visual encoding (Fig. 4.2A, B). When γ is large, the prior leads to desaturation and over-

smoothing (Fig. 4.2E) in the reconstruction. For the rest of our simulations, the value of γ is

determined on the training set by a cross-validation procedure that minimizes the reconstruction

error, unless specified otherwise (Fig. 4.2C).

To further elucidate properties of the Bayesian reconstruction, especially the interaction between the

likelihood and prior, we plotted a few representative images in a log-prior, log-likelihood coordinate

system, given a particular instance of cone excitations (Fig. 4.3). The optimal reconstruction,

taken as the MAP estimate, has both a high prior probability and likelihood value as expected

(Fig. 4.3A). In fact, for our reconstruction algorithm, there should not exist any image above the

γx + y = c line that goes through A (solid line, Fig. 4.3), otherwise the optimization routine

has failed to find the global optimum. The original image stimulus (ground truth) has a slightly

lower likelihood value, mainly due to noise present in the cone excitations, and also a slightly

lower prior probability, possibly due to the fact that our prior is only an approximation to the

true natural image distribution (Fig. 4.3B). The detrimental effect of noise becomes prominent in

a maximum likelihood estimate (MLE, Fig. 4.3C): Noise in the cone excitations is interpreted as

true variation in the original image stimulus, thus slightly increasing the likelihood value but also

creating artifacts. Such artifacts are penalized by the prior in other reconstructions. Furthermore,

even without the presence of noise, other features of the initial visual encoding (e.g., Fig. 4.1B,

C) cause loss of information and ambiguity for the reconstruction. This is illustrated by a set of
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Figure 4.2: Effect of prior weight on reconstructed image. Reconstruction error for an example
natural image using a 1-deg foveal mosaic and root sum of squared distance (RSS, y-axis) in the
pixel space as the error metric, as a function of weight γ on the log-prior term (x-axis, see Methods)
in the reconstruction objective function. The reconstructed image obtained with each particular γ
value is shown alongside each corresponding point. Image C corresponds to the value of γ obtained
through the cross-validation procedure (see Methods). The images at the bottom are magnified
versions of a subset of the images for representative γ values, as indicated by the solid dots in the
plot.
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images that lie on the equal likelihood line with the MAP reconstruction (Fig. 4.3D): There exist

an infinite set of variations in the image (stimulus) that have no effect on the value of the likelihood

function. (i.e., variations within the null space of the linear likelihood render matrix, see Methods).

Also note that one implication of the existence of the null space is that the MLE solution to the

reconstruction problem is actually underdetermined, as an entire subspace of images can have the

same likelihood value. In the figure we show one arbitrarily chosen MLE estimate. Thus, the cone

excitations provide no information to distinguish between images that differ by such variations.

However, as with the case of noise, variations inconsistent with natural images are discouraged by

the prior. Other corruptions of the image, such as addition of white noise in the RGB pixel space,

are countered by both the likelihood and prior (Fig. 4.3E). Lastly, for illustrative purposes, we can

increase the prior probability of the reconstruction relative to the optimal by making it spatially or

chromatically more uniform (Fig. 4.3F), but doing so decreases the likelihood.

4.3.2. Optimal allocation of retinal photoreceptors

Within the Bayesian reconstruction framework, the goal of the visual front end can be character-

ized as minimizing the average error in reconstruction across the set of natural images. In this

context, we can ask how to choose various elements of the initial encoding, subject to constraints,

to minimize the expected reconstruction error under the natural image prior (Levin et al., 2008;

Manning and Brainard, 2009). More formally, we seek the “design" parameters θ of a visual system:

θ = argminθ Ep(x)

(
Ep(m|x;θ)L (x̂ (m; θ) , x)

)
, (4.19)

where x̂ (m; θ) = argmaxx p (m|x; θ) p (x). Here x represents individual samples of natural images,

m represents instances of cone excitation (i.e., sensory measurements), and p (m|x; θ) is our model

of the initial encoding (i.e., likelihood function). The particular features under consideration of

the modeled visual system are indicated explicitly by the parameter vector θ. The MAP image

reconstruction is indicated by x̂ (m; θ), and L (·, ·) is a loss function that assesses reconstruction

error. In practice, the expectations are approximated by taking the average over large samples of

natural images and cone excitations.
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Figure 4.3: Solution space of image reconstruction. Given a particular instance of cone excitations,
we can evaluate the (log-)prior probability (x-axis) and (log-)likelihood value (y-axis) for arbitrary
images. Here, a few representative images are shown together with their corresponding location in
a log-prior, log-likelihood coordinate system. A) The optimal MAP reconstruction obtained via
the reconstruction algorithm. The solid line shows γx+ y = c, with the value of c evaluated at the
optimal reconstruction and with the value of γ matched to that obtained through cross-validation.
B) Original input image (ground truth). C) A reconstruction generated by maximum likelihood
estimation (MLE, set γ = 0). Note that the maximum likelihood reconstruction shown is not
unique, since adding any pattern from the null space of the likelihood matrix leads to a different
reconstruction with the same maximum likelihood. Here one arbitrarily chosen MLE reconstruction
is shown. D) Optimal reconstruction, corrupted by patterns randomly sampled from the null space
of the likelihood render matrix (see Methods). These have the same likelihood as the optimal
reconstruction, but lower prior probability. E) Optimal reconstruction, corrupted by white noise in
RGB space. F) Grayscale version of the optimal reconstruction.
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One intriguing design problem is the allocation of cone photoreceptor types: The maximum number

of photoreceptors (cones) per unit area is bounded due to biological constraints. How should

the visual system assign this limited resource across the three different types of cones? It has

been observed in human subjects that there is a relatively sparse population of S cones, while

large individual variability exists in the L/M cone ratio (Hofer et al., 2005). Previous research

has used information-theoretical measures combined with approximations to address this question

(Garrigan et al., 2010). Here, we empirically evaluated a loss function (i.e., we used root sum of

squares distance in the RGB pixel space as well as the S-CIELAB space) on the reconstructed

images, while systematically changing the allocation of retinal cone types (Fig. 4.4).

Interestingly, we found that large variations (nearly a 10-fold range) in the assignment of L and M

cones have little impact on the average reconstruction error (Fig. 4.4A). Only when the proportion

of L or M cones becomes very low is there a substantial increase in reconstruction error, as the

modeled visual system approaches dichromacy. On the other hand, the average reconstruction error

as a function of the proportion of S cones shows a clear optimum at a small S-cone proportion

(∼10%; Fig. 4.4B).

Our results are in agreement with a previous analysis in showing that the empirically observed alloca-

tion of retinal photoreceptor type is consistent with the principle of optimal design (Garrigan et al.,

2010); also see Levin et al. (2008); Manning and Brainard (2009); Tian et al. (2015). The indiffer-

ence to L/M ratio can be explained by the large spatial and chromatic correlations present in natural

images, together with the high overlap in L- and M-cone spectral sensitivities. This leads to a high

correlation in the excitations of neighboring L and M cones in response to natural images, allowing

cones of one type to be substituted for cones of the other type with little effect on reconstruction

error (see the next section for additional analysis on this point). Additional analysis (Fig. B.1)

revealed that the sensitivity to S cone proportion is due to a combination of two main factors: 1)

chromatic aberrations, which blur the retinal image at short wavelengths and reduce the value of

dense spatial sampling at these wavelengths; and 2) S cones mainly contribute to the estimation

of pixel values in the B-pixel plane, whereas L and M cone contribute to both the R- and G-pixel
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planes (see Fig. B.1). This makes L and M cones more informative than S cones, given the partic-

ular loss functions we employ to evaluate reconstruction error. To further validate our conclusion,

we have also replicated our analysis with a dataset of hyperspectral (as opposed to RGB) images

(Nascimento et al., 2002; Chakrabarti and Zickler, 2011), with a loss function applied directly to

the whole spectrum, and have obtained similar results (Fig. B.2, also see Methods).

To further study the role of statistical regularities in the optimal allocation of photoreceptor type,

we repeated the L-cone proportion analysis above, but on different sets of synthetic image datasets

for which the spatial and chromatic correlations in the images were manipulated explicitly (see

Methods). The dependence of the average reconstruction error on the L-cone proportion decreases

as the chromatic correlation in the signal increases (Fig. 4.5). A decrease of spatial correlation has

little impact on the shape of the curves, but increases the overall magnitude of reconstruction error

(Fig. 4.5; to highlight the shape, the scale of the y-axis is different across rows and columns. See Fig.

B.3 for the same plot with matched y-axis scale). When both the chromatic and spatial correlation

are high, there is a large margin of L-cone proportion within which the reconstruction error is close

to the optimal (minimal) point (Fig. 4.5, shaded area). This analysis highlights the importance

of considering visual system design in context of the statistical properties (prior distribution) of

natural images, as it shows that the conclusions drawn can vary with these properties (Barlow

1961; Derrico and Buchsbaum 1991; Barlow and Földiàgk 1989; Atick, Li, and Redlich 1992; Lewis

and Li 2006; Levin et al. 2008; Borghuis et al. 2008; Garrigan et al. 2010; Tkačik et al. 2010;

Atick 2011; Burge 2020). Natural images are thought to have both high spatial and high chromatic

correlation (Webster and Mollon 1997; Nascimento et al. 2002; Garrigan et al. 2010), making the

results shown in Fig. 4.5 consistent with those in Fig. 4.4.

4.3.3. Visualization of color deficiency with image reconstruction

In addition to quantification, the reconstruction framework also provides a method for visualizing

the effect of information loss in the initial visual encoding. We know that extreme values of L:M

cone ratio create essentially dichromatic retinal mosaics, and from the analysis above we observed

that these lead to high reconstruction error. To understand the nature of this error, we can directly
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Figure 4.4: Effect of the allocation of retinal cone types on reconstruction. Average image re-
construction error from a 1-deg foveal mosaic on a set of natural images from the evaluation set,
computed as root sum of squares (RSS) distance in the RGB pixel space (y-axis, left panels) and the
S-CIELAB space (y-axis, right panels), as a function of different allocations of retinal photoreceptor
(cone) types in the mosaic. A) Average (over evaluation images) reconstruction error as a function
of %L cone (top x-axis), or L:M cone ratio (bottom x-axis). Example mosaics with different %L
values are shown below the plot. Error bars indicate +/- 1 SEM. B) Average reconstruction error
as a function of %S cone (top x-axis), or S:(L+M) cone ratio (bottom x-axis). Example mosaics
with different %S values are shown below the plot. Error bars indicate +/- 1 SEM across sampled
images. See Fig. B.2 for a replication of the same analysis with hyperspectral images.
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Figure 4.5: Effect of spatial and chromatic correlation on the optimal allocation of photoreceptors.
Average image reconstruction error from a half-degree square foveal mosaic on different sets of
synthetic images, computed as root sum of squares (RSS) distance in the RGB pixel space, as a
function of %L cone (L:M cone ratio) of the mosaic (i.e., similar to Fig. 4.4A, left column). The
shaded areas represent %L values that correspond to RSS values within a +0.1 RSS margin of the
optimal (minimum RSS) point. Within each panel, synthetic images were sampled from a Gaussian
distribution with specified spatial and chromatic correlation, as indicated by example images on the
top row and rightmost column, and reconstruction was performed with the corresponding Gaussian
prior (see Methods). The overall RSS is reduced compared to Fig. 4.4 due to the smaller image size
used and the fact that the images were drawn from a different prior, as well as because the prior
used in reconstruction exactly describes the images for this case. In addition, reconstruction error
bars are negligible due to the large image sample size used.
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visualize the reconstructed images.

Fig. 4.6A shows reconstructions of a set of example images from different dichromatic retinal

mosaics. While the spatial structure of the original images is largely retained in the reconstructions,

each type of dichromacy creates a distinct pattern of color confusions and shifts in the reconstructed

color. Note that in the case where there is no simulated cone noise (as in Fig. 4.6), the original

image has a likelihood at least as high as the reconstruction obtained via our method. Thus, the

difference between the original images and each of the corresponding dichromatic reconstructions is

driven by the image prior. On the other hand, the difference in the reconstructions across the three

types of dichromacy illustrates how the different dichromatic likelihood functions interact with the

prior.

One might speculate as to whether the reconstructions predict color appearance as experienced by

dichromats. To approach this, we compare the reconstructions with two other methods that have

been proposed to predict the color appearance for dichromats (Brettel et al., 1997; Jiang et al.,

2016). To determine an image based on the excitations of only two classes of cones, any method

will need to rely on a set of regularizing assumptions to resolve the ambiguity introduced by the

dichromatic retinas. Brettel et al. (1997) started with the trichromatic cone excitations of each

image pixel, and projected these onto a biplanar surface, with each plane defined by the neutral

color axis and an anchoring stimulus identified through color appearance judgments made across

the two eyes of unilateral dichromats. The resulting trichromatic excitations were then used to

determine the rendered RGB values (Fig. 4.6B). Jiang et al. (2016) also adopted a reconstruction

approach, but one that reconstructed the incident spectrum from the dichromatic cone excitations

at each pixel. They then projected the estimated spectra onto trichromatic cone excitations, and

used these to render the RGB values (Fig. 4.6C). In their method, a spectral smoothness constraint

was introduced to regularize the spectral estimates, which favors desaturated spectra. In this sense,

their prior is similar to ours: The sparse prior we used is centered on the average image, which

is desaturated, and also encourages achromatic content due to the high correlations across color

channels. One noticeable difference between our method and the other two is that ours takes into
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Figure 4.6: Visualization of effect of dichromacy. Reconstructions of a set of example images in
the evaluation set from different types of 1-degree foveal dichromatic retinal mosaics (protanopia,
deuteranopia, tritanopia) together with other previously proposed methods for predicting color
appearance for dichromats. A) Our method; B) Brettel et al. (1997) C) Jiang et al. (2016). Cone
noise was not simulated for the images shown in this figure, since the comparison methods operate
directly on the input images. See Methods for a brief description of the implementation of the two
other methods.

account the spatial structure of the image.

Interestingly, although there are differences in detail between the images obtained, in many cases

the different methods produce visualizations that are quite similar. We find the general agreement

between the reconstruction-based methods and the one based subject reports an encouraging sign

that the reconstruction approach can be used to predict aspects of appearance.

Anomalous trichromacy is another form of color deficiency that is commonly found in human ob-

servers. For example, in deuteranomaly, the spectral sensitivity of the M cones is shifted towards
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that of the L cones (Fig. 4.7B). Since the three cone spectral sensitivity functions are linearly

independent of each other, in the absence of noise we should be able to obtain a trichromatic recon-

struction from the excitations of the deuteranomalous mosaic. However, in the presence of noise,

we expect that the high degree of overlap between M and L spectral sensitivities will result in a

lower signal-to-noise ratio (SNR) in the difference between M- and L-cone excitations, compared

to that of a normal trichromatic observer, and thus to worse reconstructions. We performed image

reconstructions for a normal trichromatic (with a peak spectral sensitivity of M cone at 530 nm)

and a deuteranomalous (with a peak spectral sensitivity of M cone at 550 nm) 1-deg foveal mosaic

at different overall light intensity levels (Fig. 4.7). Due to the nature of Poisson noise, the higher

the light intensity, the higher the SNR of the cone excitations. At high light intensities, the recon-

structions are similar for the normal and deuteranomalous mosaics (first row). At lower intensities,

however, the deuteranomalous reconstruction lacks chromatic content still present in the normal

reconstruction (second and third row). The increase in noise also reduces the amount of spatial

detail in the reconstructed images, due to the denoising effect driven by the image prior. Further-

more, a loss of chromatic content is also seen for the reconstruction from the normal mosaic at the

lowest light level (last row). This observation may be connected to the fact that biological visual

systems that operate at low light levels are typically monochromatic, potentially to increase the

SNR of spatial vision at the cost of completely disregarding color (e.g., the monochromatic human

rod system; see Manning and Brainard (2009)for a related and more detailed treatment; also see

Wald (1944); Rushton (1962); Van Hateren (1993); Land and Osorio (2003).

4.3.4. Effect of physiological optics and mosaic spatial sampling

So far, our visualizations have focused on chromatic information loss due to a reduced number

of cone types or a shift in cone spectral sensitivity. However, imperfections in the physiological

optics, combined with the spatial sampling of retinal mosaic, also introduces significant loss of

information. Furthermore, the interleaved nature of the mosaic means that color and pattern are

entangled at the very initial stage of visual processing (Brainard, 2019).To highlight these effects, we

reconstructed natural images from 1-deg patches of mosaics at different retinal eccentricities across

the visual field, with 1) changes in optical aberrations (Polans et al., 2015); 2) increases in size and
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Figure 4.7: Comparison of normal and deuteranomalous observers at varying light intensities. Image
reconstructions for a set of example images in the evaluation set from 1-degree, foveal A) normal
trichromatic and B) deuteranomalous trichromatic mosaics at four different overall light intensity
levels that lead to different Poisson signal-to-noise ratios in the cone excitations. The average
excitations (photo-isomerizations) per cone per 50 ms integration time is chosen to be approximately
104 for Outdoor Daylight, 103 for LCD Monitor, 102 for Dim Light, and 101 for Twilight (Lewis and
Li 2006; Stockman and Sharpe 2006). The prior weight parameter in these set of simulations was
set based on a cross-validation procedure that minimizes RMSE (λ = 0.05). To highlight interaction
between noise and the prior, we have also included a set of reconstructions with the prior weight
set to a much lower level (λ = 0.001), see Fig. B.4.
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decreases in density of the photoreceptors (Curcio et al., 1990); and 3) decreases in the density of

the macular pigment (Nolan et al., 2008; Putnam and Bland, 2014). The degradation in the quality

of the reconstructed images can be clearly observed as we move from the fovea to the periphery

(Fig. 4.8; See Fig. B.5 for an enlarged view of the mosaic and optics). For some retinal locations,

the elongated point-spread function (PSF) also introduces a salient directional blur (Fig. 4.8E, F).

For a simple quantification of the average reconstruction error as a function of visual eccentricity,

see Fig. B.6.

The consequences of irregular spatial sampling by the cone mosaic have been previously studied with

the framework of signal processing (Snyder et al., 1977; Yellott Jr, 1983). Our results highlight that

optimizing the initial visual encoding depends in rich ways on the interplay between the cone sam-

pling and the optics. While less information (i.e., at more eccentric locations) does lead to overall

lower quality reconstructions (Fig. B.6), exactly which aspects of the reconstructions are incorrect

can vary in subtle ways. Concretely, in Fig. 4.8, we observe a trade-off across visual eccentricity

between spatial and chromatic vision. In the image of the dragonfly, for example, the reconstructed

colors are desaturated at intermediate eccentricities (e.g., Fig. 4.8C, D), compared with the fovea

(Fig. 4.8A) and more eccentric locations (Fig. 4.8E, F). The desaturation is qualitatively consistent

with the literature that indicates a decrease in chromatic sensitivity at peripheral visual eccentrici-

ties, at least for the red-green axis of color perception and for some stimulus spatial configurations

(Virsu and Rovamo, 1979; Mullen and Kingdom, 1996); but see Hansen et al. (2009). To further

elucidate this richness, in an additional analysis, we systematically varied the size of the PSF for

a fixed peripheral retinal mosaic. This revealed that (Fig. B.7): 1) A larger PSF does lead to

better estimate of chromatic content, albeit eventually at the cost of spatial content. 2) In general,

an appropriate amount of optical blur is required to achieve the best overall image reconstruction

performance, presumably due to its prevention of aliasing. We will treat the issue of spatial aliasing

further in the next section.

Lastly, to emphasize the importance of the natural image prior, we performed a set of maximum

likelihood reconstructions with no explicit prior constraint, which resulted in images with less co-
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Figure 4.8: Image reconstruction with across retinal eccentricities. Image reconstructions for a
set of example images in the evaluation set from 1-degree patches of mosaic at different retinal
eccentricities. The coordinates at the top of each column indicate the horizontal and vertical
eccentricity of the patch used for that column. The image at the top left of each column shows a
contour plot of the point-spread function relative to an expanded view of the cone mosaic used for
that column, while the image at the top right of each column shows the full 1-degree mosaic (see
Fig. B.5 for an enlarged view of the mosaic and optics).

herent spatial structure and lower fidelity color appearance (Fig. B.8). Thus, the prior here is

critical for the proper demosaicing and interpolation of the information provided by the sparse cone

sampling at these peripheral locations.

4.3.5. Spatial aliasing

As we have alluded to above, the retinal mosaic and physiological optics can also interact in other

important ways: Both in humans and other species, it has been noted that the optical cut-off of the

eye is reasonably matched to the spacing of the photoreceptors (i.e., the mosaic Nyquist frequency),

enabling good spatial resolution while minimizing spatial aliasing due to discrete sampling (Williams,
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1985; Snyder et al., 1986; Land and Nilsson, 2012). In contrast to our work, these analyses did not

take into account the fact that the cone mosaic interleaves multiple spectral classes of cones (but see

Williams et al. (1991); Brainard (2015)), and here we revisit classic experiments on spatial aliasing

for a trichromatic mosaic using our reconstruction framework.

Experimentally, it has been demonstrated that with instruments that bypass the physiological optics

and present high contrast grating stimuli directly on the retina, human subjects can detect spatial

frequencies up to 200 cyc/deg (Williams, 1985). For foveal viewing, subjects also report having a

percept resembling a pattern of “two-dimensional noise" and/or “zebra stripes" when viewing those

high spatial frequency stimuli (Williams, 1985). For peripheral viewing, high frequency vertical

gratings can be perceived as horizontal (and vice-versa; Coletta and Williams (1987)). We explored

these effects within our framework as follows: We reconstructed a set of vertical chromatic grating

stimuli from the cone excitations of a foveal and a peripheral mosaic. To simulate the interferometric

experimental conditions of (Williams, 1985), we used diffraction-limited optics with no longitudinal

chromatic aberration (LCA), allowing high-frequency stimuli to reach the cone mosaic directly.

For gratings that are above the typical optical cut-off frequency, we obtained reconstructions that

1) are quite distinct from a uniform field, which would allow them to be reliably detected in a

discrimination protocol; and 2) lack the coherent vertical structure of the original stimulus (Fig. 4.9).

Concretely, the reconstructions recapitulate the “zebra stripe" percept reported at approximately

120 cyc/deg in the fovea (Fig. 4.9A); as well as the orientation-reversal effect at an appropriate

spatial frequency in the periphery (Fig. 4.9B). Both results corroborate previous theoretical analysis

and psychophysical measurements (Williams, 1985; Coletta and Williams, 1987), but now taking the

trichromatic nature of the mosaic into account. On the other hand, with full optical aberrations,

the reconstructed images became mostly uniform at these high spatial frequencies (Fig. B.9). Since

our method accounts for trichromacy, we have also made the prediction that for achromatic grating

stimuli viewed under similar diffraction-limited conditions, while the spatial aliasing pattern will

be comparable, additional chromatic aliasing should be visible (Fig. B.10; also see Williams et al.

(1991); Brainard (2015)).
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Figure 4.9: Reconstruction of chromatic grating stimuli without optical aberrations. Image recon-
struction of chromatic grating stimuli with increasing spatial frequency from A) a 0.2-deg foveal
mosaic and B) a 1-deg peripheral mosaic at (18, 18) degree retinal eccentricity, using diffraction-
limited optics without LCA. The leftmost images show an expanded view of the cone mosaic relative
to a contour plot of a typical point-spread function at that eccentricity. Images were modulations
of the red channel of the simulated monitor, to mimic the 633 nm laser used in the interferometric
experiments. The exact frequency of the stimuli being used for each condition is as denoted in the
figure. For a more extended comparison between reconstructions with and without optical aberra-
tions, see Fig. B.9 and Fig. B.10.
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4.3.6. Contrast sensitivity function

Our framework can also be adapted to perform ideal observer analysis for psychophysical discrimi-

nation (threshold) tasks, which have been used previously to evaluate the information available in

the initial encoding. Here we use the reconstructed images as the basis for discrimination decisions.

This is potentially important since even the early post-receptoral visual representation (e.g., retinal

ganglion cells), on which downstream decisions must be based, is likely shaped by the regularities

of our visual environment (Atick et al., 1992; Borghuis et al., 2008; Karklin and Simoncelli, 2011;

Atick, 1992). Our method provides a way to extend ideal observer analysis to incorporate these

statistical regularities.

Concretely, we predicted and compared the diffraction-limited spatial contrast sensitivity function

(CSF) for gratings with a half-degree spatial extent (see Methods). First, we applied the classic

signal-known-exactly ideal observer to the Poisson distributed excitations of the simulated cone

mosaic. We computed CSFs for both achromatic (L+M) and chromatic (L-M) grating modulations,

with matched cone contrast measured as the vector length of the cone contrast vector. As expected,

the ideal observer at the cone excitations produces nearly identical CSFs for the contrast-matched

L+M and L-M modulations; also, as expected, these fall off with spatial frequency, primarily because

of optical blur (Fig. 4.10A).

Next, we reconstructed images from the cone excitations produced by the grating stimuli. A

template-matching observer based on the noise-free reconstructions was then applied to the noisy

reconstructions (see Methods). The image-reconstruction observer shows significant interactions

between spatial frequency and chromatic direction. Sensitivity in the L+M direction is relatively

constant with spatial frequency. Sensitivity in the L-M direction starts out higher than L+M at

low spatial frequencies, but drops significantly and is lower than L+M at high spatial frequencies

(Fig. 4.10B). We attribute these effects to the role of the image prior in the reconstructions, which

leads to selective enhancement/attenuation of different image components. In support of this idea,

we also found that an observer based on maximum likelihood reconstruction without the explicit

prior term produced CSFs similar in shape to the Poisson ideal observer (Fig. B.11).
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Figure 4.10: Contrast sensitivity functions. Contrast sensitivity, defined as the inverse of threshold
contrast, for A) a Poisson 2AFC ideal observer, and B) an image reconstruction-based observer
(see Methods), as a function of the spatial frequency of stimulus in either the L+M direction (black)
and L-M cone contrast direction (red). Contrast was measured as the vector length of the cone
contrast vector, which is matched across two color directions.

It is intriguing that the CSFs from the reconstruction-based observer show substantially higher

sensitivity for L-M than for L+M modulations at low spatial frequencies (with equated RMS cone

contrast), but with a more rapid falloff such that the sensitivity for L+M modulations is higher

at high spatial frequencies. Both of these features are characteristic of the CSFs of human vision

(Mullen, 1985; Anderson et al., 1991; Chaparro et al., 1993; Sekiguchi et al., 1993). A more com-

prehensive exploration of this effect and its potential interaction with other decision rule used in

the calculation awaits future research.

4.4. Discussion

We developed a Bayesian image reconstruction framework for characterizing the initial visual en-

coding, by combining an accurate image-computable forward model together with a sparse coding

model of natural image statistics. Our method enables both quantification and visualization of
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information loss due to various factors in the initial encoding, and unifies the treatment of a diverse

set of issues that have been studied in separate, albeit related, ways. In several cases, we were able

to extend previous studies by eliminating simplifying assumptions (e.g., by the use of realistic, large

cone mosaics that operate on high-dimensional, naturalistic image input). To summarize succinctly,

we highlight here the following novel results and substantial extensions of previous findings: 1)

When considering the allocation of different cone types on the human retina, we demonstrated the

importance of the spatial and spectral correlation structure of the image prior; 2) As we examined

reconstructions as a way to visualize information loss, we observed rich interactions in how the

appearances of the reconstruction vary with mosaic sampling, physiological optics, and the SNR of

the cone excitations; 3) We found that the reconstructions are consistent with empirical reports of

retinal spatial aliasing obtained with interferometric stimuli, adding an explicit image prior compo-

nent and extending consideration of the interleaved nature of the trichromatic retinal cone mosaic

relative to the previous treatment of these phenomena; 4) We linked image reconstructions to spatio-

chromatic contrast sensitivity functions by applying a computational observer for psychophysical

discrimination to the reconstructions. Below, we provide an extended discussion of key findings, as

well as of some interesting open questions and future directions.

First, we cast retinal mosaic design as a “likelihood design” problem. We found that the large natural

variations of L- and M-cone proportion, and the relatively stable but small S-cone proportion, can

both be explained as an optimal design that minimizes the expected image reconstruction loss. This

is closely related to an alternative formalism, often termed “efficient coding”, which seeks to max-

imize the amount of information transmission (Barlow et al., 1961; Karklin and Simoncelli, 2011;

Wei and Stocker, 2015; Sims, 2018). In both cases, the optimization problem is subject to realistic

biological constraints and incorporates natural scene statistics. Previous work Garrigan et al. (2010)

conducted a similar analysis with consideration of natural scene statistics, physiological optics, and

cone spectral sensitivity, using an information maximization criterion. One advance enabled by our

work is that we are able to fully simulate a 1-deg mosaic with naturalistic input, as opposed to the

information-theoretical measures used by Garrigan et al. (2010), which became intractable as the

size of the mosaic and the dimensionality of the input increased. In fact, Garrigan et al. (2010)
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approximated by estimating the exact mutual information for small mosaic size (N = 1 . . . 6 cones)

and then extrapolated to larger cone mosaics using a scaling law (Borghuis et al., 2008). The fact

that the two theories corroborate each other well is reassuring and suggests that the results are

robust to the details of the analysis.

Our approach could be applied to analyzing the retinal mosaic characteristics of different animals.

Adult zebrafish, for example, feature a highly regular mosaic with fixed 2:2:1:1 R:G:B:U cone ratios

(Engström, 1960). Since our analysis has highlighted the importance of prior statistics in deter-

mining the optimal design, one might speculate whether this regularity results from the particular

visual world of zebrafish (i.e., underwater, low signal-to-noise ratio), which perhaps demands a more

balanced ratio of different cone types to achieve the maximum amount of information transmission.

Further study that characterizes in detail the natural scene statistics of the zebrafish’s environment

might help us to better understand this question (Zimmermann et al., 2018; Cai et al., 2020). It

would also be interesting to incorporate into the formulation an explicit specification of how the goal

of vision might vary across species. One extension to the current approach to incorporate this would

be to specify an explicit loss function for each species and find the reconstruction that minimizes the

expected (over the posterior of images) loss (Berger, 2013), although implementing this approach

would be computationally challenging. Related is the task-specific accuracy maximization analysis

formulation (Burge and Geisler, 2011).

Second, we applied our framework to cone excitations of retinal mosaics with varying degrees of

optical quality, photoreceptor size, density, and cone spectral sensitivity. The reconstructed images

reflect accurately the information loss in the initial encoding, including spatial blur due to optical

aberration and mosaic sampling, pixel noise due to Poisson variability in the cone excitations,

and reduction of chromatic contrast in anomalous trichromacy. Although we have mainly focused

on visualization of these effects in our current paper, it would be possible to perform quantitative

analyses. In fact, our reconstruction algorithm could provide a natural “front-end" extension to many

image-based perceptual quality metrics, such as spatial CIELAB (Zhang et al., 1997; Lian, 2020),

structural similarity (Wang et al., 2004), low-level feature similarity (FSIM; Zhang et al. (2011)),
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or neural network-based approaches (Bosse et al., 2018). Doing so would incorporate factors related

to the initial visual encoding explicitly into the resulting image quality metrics.

In addition, when SNR is high, we found that we are able to fully recover color information even

from an anomalous trichromatic mosaic. As SNR drops, this becomes less feasible. Although our

analysis does underestimate the amount of total noise in the visual system (i.e., we only consider

noise at cone excitations, but see Angueyra and Rieke (2013) for a detailed treatment of noise in

the retinal), this nonetheless suggests that a downstream circuit that properly compensates for the

shift in cone spectral sensitivity can, in principle, maintain relatively normal color perception in

the low noise regime (Tregillus et al., 2021). This may potentially be related to some reports of

less than expected difference in color perception between anomalous trichromats and color normal

observers (Bosten, 2019; Lindsey et al., 2020).

Third, we speculate that image reconstruction could provide a reasonable proxy for modeling per-

cepts in various psychophysical experiments. We found that images reconstructed from dichro-

matic mosaics resemble results generated by previously proposed methods for visualizing dichro-

macy, including one that uses explicit knowledge of dichromatic subjects’ color appearance reports

(Brettel et al., 1997). We have also reproduced the “zebra stripes" and “orientation reversal” aliasing

patterns when reconstructing images from cone excitations to spatial frequencies above the mosaic

Nyquist limit, similar to what has been documented experimentally in human subjects (Williams,

1985; Coletta and Williams, 1987). In a similar vein, previous work has used a simpler image

reconstruction method to model the color appearance of small spots light stimulus presented to

single cones using adaptive optics (Brainard et al., 2008). Our method could also be applied to

such questions, and also to a wider range of adaptive optics (AO) experiments (e.g., Schmidt et al.

(2019); Neitz et al. (2020)), to help understand the extent to which image reconstruction can cap-

ture perceptual behavior. More speculatively, it may be possible to use calculations performed

within the image reconstruction framework to synthesize stimuli that will maximally discriminate

between different hypothesis about how the excitations of sets of cones are combined to form per-

cepts, particularly with the emergence of technology that enables precise experimental control over
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the stimulation of individual cones in human subjects (Harmening et al., 2014; Sabesan et al., 2016;

Schmidt et al., 2019).

Last, we showed that our method can be used in conjunction with analysis of psychophysical discrim-

ination performance, bringing to this analysis the role of statistical regularities of natural images. In

our initial exploration, we found that the image-reconstruction based observer exhibits significant

interaction between spatial frequency and chromatic direction in its contrast sensitivity function,

a behavior distinct from its Poisson ideal observer counterpart, and is more similar to the human

observer. Future computations will be needed to understand in more detail whether the reconstruc-

tion approach can account for other features of human psychophysical discrimination performance

that are not readily explained by ideal-observer calculations applied to the cone excitations.

Our current model only considers the representation up to and including the excitations of the cone

mosaic. Post-excitation factors (e.g., retinal ganglion cells), especially in the peripheral visual field,

are likely to lead to additional information loss. In this regard, we are eager to incorporate realistic

models of retinal ganglion cells into the ISETBio pipeline. Nevertheless, the value of the analysis we

have presented is to elucidate exactly what phenomena can or cannot be attributed to factors up to

the cone excitations, thus helping to dissect the role of different stages of processing in determining

behavior. For example, we found there is desaturation of chromatic content in reconstructed images

in the periphery, with the details depending on interactions between the physiological optics, cone

mosaic sampling, macular pigment density, and the model of natural image statistics. This is in

contrast to more traditional explanations of the decrease in peripheral chromatic sensitivity, which

often consider it in the context of models of how different cone types are wired to retinal ganglion cells

(e.g., Lennie et al. (1991); Mullen and Kingdom (1996); Hansen et al. (2009); Field et al. (2010);

Wool et al. (2018)). Whether the early vision factors are sufficient to account for the full variation

in chromatic sensitivity awaits a more detailed future study, but the fact that early vision factors

can play a role through their effect on the available chromatic information is a novel insight that

should be incorporated into thinking about the role of post-excitation mechanisms.

More generally, we can consider the locus of the signals analyzed in the context of the encoding-

88



decoding dichotomy of sensory perception (Stocker and Simoncelli, 2006; Rust and Stocker, 2010).

Here we reconstruct images from cone excitations, thus post-excitation processing may be viewed

as part of the brain’s implementation of the reconstruction algorithm. When we apply such an

algorithm to, for example, the output of retinal ganglion cells, we shift the division. Our view is

that analyses at multiple stages are of interest, and eventual comparisons between them are likely

to shed light on the role of each stage.

Our current model also does not take into account fixational eye movements, which displace the reti-

nal image at a time scale shorter than the integration period we have used (Martinez-Conde et al.,

2004; Burak et al., 2010). It has been shown that these small eye movements can increase psy-

chophysical visual acuity relative to that obtained with retinal-stabilized stimuli (Rucci et al., 2007;

Ratnam et al., 2017). An intuition behind this is that fixational eye movements can increase the ef-

fective cone sampling density, if the visual system can sensibly combine information obtained across

multiple fixation locations. This intuition is supported by computational analyses that integrate

information across fixations while simultaneously estimating the eye movement path (Burak et al.,

2010; Anderson et al., 2020). In their analysis, Burak et al. (2010) showed the effectiveness of

their algorithm depended both on the integration time of the sensory units whose excitations were

processed, and also on the receptive field properties of those units. In addition, consideration of

the effects of fixational eye movement might also benefit from an accurate model of the tempo-

ral integration that occurs within each cone, as a consequence of the temporal dynamics of the

phototransduction cascade (Angueyra and Rieke, 2013). ISETBio in its current form implements a

model of the phototransduction cascade as well as of fixational eye movements (see Cottaris et al.

(2020)). Future work should be able to extend our current results through the study of dynamic

reconstruction algorithms within ISETBio.

Since our framework is centered on image reconstruction, one may naturally wonder whether we

should have applied the more “modern” technique of convolutional neural networks (CNNs), which

have become the standard for image processing-related tasks (Krizhevsky et al., 2012). For our

scientific purposes, the Bayesian framework offers an important advantage in its modularity, namely,
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the likelihood and prior are two separate components that can be built independently. This allows

us to easily isolate and manipulate one of them (e.g., likelihood) while holding the other constant

(e.g., prior), something we have done throughout this paper. In addition, building the likelihood

function (i.e., render matrix R, see Methods) is a forward process that is computationally very

efficient. Performing a similar analysis with the neural network approach (or supervised learning

in general) would require re-training of the network with a newly generated dataset (i.e., cone

excitations paired with the corresponding images) for every condition in our analysis.

However, the ability of neural networks to represent more complex natural image priors (see

Ulyanov et al. (2018); Kadkhodaie and Simoncelli (2021) for examples) is of great interest. Cur-

rently, we have chosen a rather simple, parametric description of natural image statistics, which

leads to a numerical MAP solution. Previous work has proposed methods that alternate, within

each iteration, between regularized reconstruction and denoising, which effectively allow for trans-

fer of the prior implicit in an image denoiser (e.g., a deep neural network denoiser) to be applied

to any other domain with a known likelihood model (Venkatakrishnan et al., 2013; Romano et al.,

2017). More recently, Kadkhodaie and Simoncelli (2021) developed a related but more explicit and

direct technique to extract the image prior (a close approximation to the gradient of the log-prior

density, to be precise) from a denoising deep neural network, which could be applied to our image

reconstruction problem. We think this represents a promising direction, and in the future plan to

incorporate more sophisticated priors, to evaluate the robustness of our conclusions to variations

and improvements in the image prior.

To conclude, we believe our method is widely applicable to many experiments (e.g., adaptive optics

psychophysics) designed for studying the initial visual encoding, for modeling the effect of changes

of various components in the encoding process (e.g., in clinical cases), and for practical applications

(e.g., perceptual quality metric) in which the initial visual encoding plays an important role.
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CHAPTER 5

OPTIMAL LINEAR MEASUREMENTS FOR NATURAL IMAGE RECONSTRUCTION

USING THE PRIOR IMPLICIT IN A DENOISER

The work presented in this chapter is performed in collaboration with Zahra Kadkhodaie, Eero

P. Simoncelli, and David H. Brainard. Part of the work in this chapter was previously presented

as: Zhang et al. (2022b). I contributed to the conceptualization, formal analysis, methodology,

validation, software, visualization, and writing of this work.

Abstract

We developed a method for finding the optimal set of linear measurements given an ensemble

of natural images. We define the optimal measurements as those that, when combined with a

prior model of images, minimize the mean squared error of the Bayesian image reconstruction.

For simple prior models, the solution to this problem is closely related to techniques including

principal component analysis (PCA) and compressed sensing (CS). Here, we utilize a complex

prior over images, more specifically, the prior implicit in a convolutional neural network trained to

perform image denoising. This prior is combined with the linear measurements in a coarse-to-fine

projected gradient ascent procedure to reconstruct high-probability images. We find the optimal

measurements by performing stochastic gradient descent in the space of orthogonal matrices with

respect to the estimation loss. Our method discovered measurement subspaces that are distinct

from and outperform traditional methods such as PCA and CS. Furthermore, we found that our

method is also able to generalize to different loss functions beyond squared error, such as structural

similarity index measure (SSIM). Our method will have important implications for both designing

image processing pipelines and understanding biological visual systems.

5.1. Introduction

When working with natural images in various applications, it is often necessary to make linear

measurements of the original signal. For example, the optical elements of a camera can be modeled

as a linear system; In medical imaging, both x-ray and ultrasound produce linear measurements
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from the tissue; For the human visual system, the initial sensory encoding by the photoreceptors is

also approximately linear.

We consider a general form of the linear inverse problem (Tropp and Wright, 2010). Concretely,

given the original signal x ∈ Rn and a measurement matrix M ∈ Rn×c, the linear measurements

are m = MTx. Typically, we have c < n, and we are interested in an estimate x̂ based on the

measurements m. We can formulate this inverse problem in Bayesian terminology. Denote our

measurement model as p(m|x). When there is no measurements noise, p(m|x) is a delta function

of the form δ(m −MTx), but it is also easy to construct p(m|x) with realistic noise models such

as Gaussian and Poisson. We also need to specify a prior distribution p(x) that characterizes the

statistical regularities of x. The estimate x̂ that minimizes the mean squared error is the posterior

mean x̂ =
∫
x · p(x|m) dx, where p(x|m) = p(m|x)p(x)/(

∫
p(m|x)p(x)dx).

We are interested in the optimal linear measurement matrix M . That is, the measurement matrix

that minimizes the Bayesian estimation loss for a given number of measurements m. In camera and

sensory design, this is known as an optimal design problem (Levin et al., 2008), while in sensory

neuroscience, it is considered a form of the linear efficient coding problem (Atick, 1992). The

solution to M is known for simple forms of p(x). For example, when p(x) is Gaussian distributed, a

linear projection that maximizes total variance also minimizes the mean squared error, thus simply

performing a principal component analysis (PCA) is sufficient (Abdi and Williams, 2010). On the

other hand, the compressed sensing (CS) literature (Donoho, 2006; Davenport et al., 2012) suggests

that when p(x) satisfies certain sparsity properties, random linear projections actually allow for

near-perfect estimation of the original signal. However, natural images have complex structures

that neither the Gaussian nor sparse models can sufficiently describe, and thus it is possible to find

better linear measurements that outperform PCA and CS (Weiss et al., 2007; Chang et al., 2009).

Previously, Kadkhodaie and Simoncelli (2021) developed a coarse-to-fine projected gradient ascent

algorithm for Bayesian image reconstruction by drawing high-probability samples of natural images

that conform to a set of linear constraints defined by the measurements. They achieve this by

combining the linear measurement model with the prior implicit in a convolutional neural network
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(CNN) denoiser (Mohan et al., 2019). In this paper, we develop a method for finding the optimal

measurement matrix M for this more expressive prior model. Concretely, we perform stochastic

gradient descent in the space of all orthonormal basis by taking derivatives of M with respect to

the estimation loss through the reconstruction algorithm.

We validated our method by showing that for simple linear projections, we correctly recover the

PCA solution. We then applied our method to a dataset of celebrity face images (Liu et al., 2015).

By incorporating the corresponding denoiser implicit prior, we discovered measurement subspaces

that are superior to and distinct from traditional methods like PCA and CS. Additionally, we

demonstrated the generalizability of our approach to other loss functions, including the structural

similarity index measure (SSIM, Wang et al. (2004)). Our methods offers a unified perspective of

both PCA and CS as optimized linear measurements for a specific prior distribution of the signal.

Moreover, our results highlight the potential for improved measurements with improved statistical

characterization of the signal itself.

5.2. Methods

5.2.1. Problem formulation

We are interested in taking linear measurements of some signal x ∈ Rn, represented by a mea-

surement matrix of the form M ∈ Rn×m (typically m < n). Our formulation is general, but we

focus on x as natural images in the current paper. Given some measurements m = MTx, we would

like to estimate the original x as accurately as possible. We use x̂ = h(m;M) to denote a generic

estimator function h that produces an estimate x̂ given m, based on the measurement model M .

The expected mean squared error (MSE) of this estimator is as follows:

l(M) = Ex∼p(x)[ ||h(MTx;M)− x||22 ] (5.1)

The optimal linear measurement is the M that minimizes the expected MSE, M = argminM l(M).

When there is no noise in the measurement, without loss of generality, we can consider a subset of

M where the column vectors of M are orthonormal, that is, MTM = I. We will expand on the

93



issue of noise in future work.

5.2.2. Bayesian image reconstruction

To fully specify the problem, we need to define the estimator function h. Since we aim to recover x

based on a smaller number of measurements, the problem is underdetermined. Thus, an image prior

p(x) is required to properly regularize the solution. Kadkhodaie and Simoncelli (2021) developed

a method for sampling high-probability natural images from a complex image prior, confined to

linear constraints defined by orthogonal measurements. Here we will provide a brief overview of the

methods, and refer the readers to the original article for more details.

Prior implicit in a denoiser

We start by training a convolutional neural network for blind noise removal (Mohan et al., 2019). In

particular, we consider additive Gaussian noise of the form y = x+ ϵ, ϵ ∼ N (0, σ2I). The network

f(·) is trained to produce a denoised image x̂ that minimizes the expected MSE ||x − x̂||22, across

different σ2. In Bayesian terms, the solution to this denoising problem is the posterior mean:

x̂ =

∫
x · p(x|y) dx =

∫
x · p(y|x)p(x)∫

p(y|x)p(x)dx
dx. (5.2)

Miyasawa (1961) showed that the estimator can be rewritten to an equivalent form. First, define

the marginal distribution p(y):

p(y) =

∫
p(y|x)p(x)dx. (5.3)

Plugging in the Gaussian PDF for p(y|x), and taking derivatives on both sides, we have:

∇yp(y) =
1

σ2

∫
(x− y)p(y|x)p(x)dx, (5.4)

and dividing both sides by p(y) yields:

σ2∇yp(y)

p(y)
=

∫
(x− y)

p(x, y)

p(y)
dx =

∫
(x− y)p(x|y)dx, (5.5)

σ2∇y log p(y) =

∫
xp(x|y)dx−

∫
yp(x|y)dx = x̂− y. (5.6)
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Thus we have x̂ = y+σ2∇y log p(y). This establishes a direct relationship between the residue of the

denoiser network output and image prior (Kadkhodaie and Simoncelli, 2021). That is, we can use

the denoiser f(·) to estimate the gradient of the log marginal density p(y), as ∇y log p(y) = f(y)−y.

Sample from the image prior

This gradient can be used in an annealed Langevin dynamics (Bussi and Parrinello, 2007) to sample

from the prior p(x) as:

yt+1 = yt + σ2
t∇yt log p(y) + ηt, η ∼ N (0, I). (5.7)

Kadkhodaie and Simoncelli (2021) developed a method to solve the linear inverse problem with the

denoiser implicit prior. Conditioning the prior gradient on the measurement, we obtain:

∇yt log p(y|m) = (I −MMT )∇yt log p(y) +M(m−MT yt). (5.8)

The conditional gradient can be used in a procedure the same as the above for sampling high-

probability natural images that also conform to the linear constraints defined by the measurements.

In the current paper, we will define the estimator function x̂ = h(m) by averaging multiple samples

obtained from running this procedure at a randomly chosen starting point.

5.2.3. Optimal measurement matrix

We search for the optimal measurement matrix using stochastic gradient descent in the space

of orthonormal matrices. Concretely, we parameterize the measurement matrix M using House-

holder product, which represents orthonormal matrices as a sequence of elementary reflections. See

Shepard et al. (2014, 2015) for a detailed introduction of this parameterization:

Q = H1H2...Hk, where Hi = I − τvivi
T (5.9)

The collection of vi’s is the essential parameters ϕ of the parameterization Q(ϕ), which forms a

lower triangular matrix of Rn×m.
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We rewrite our objective function Eq. 5.1 using the parameterization Q(ϕ), and approximate the

expectation with samples of images from the training set:

l(ϕ) =
1

N

N∑
i=1

||h(Q(ϕ)Txi; Q(ϕ))− xi||22. (5.10)

We can then search for the optimal measurement matrix through stochastic gradient descent (SGD):

ϕt+1 ← ϕt − λ · ∇ϕt l(ϕt) (5.11)

In practice, the optimization is implemented with a variant of SGD that attempts to approximate

second-order (curvature) information (Kingma and Ba, 2014).

5.2.4. Training and optimization

Image dataset

All experiments reported in this paper are conducted on the CelebA dataset from Liu et al. (2015).

The dataset consists of over 200K images of celebrity faces. We downsampled the images to size

50 by 40, and applied a standard inverse Gamma correction for display nonlinearity. We randomly

sampled 100 images as a hold-out validation set, and used the rest as the training set.

Denoiser

We trained a bias-free CNN denoiser with an architecture similar to that reported in Mohan et al.

(2019). The network consists of repeated convolutional layers and nonlinearity, with a skip connec-

tion from the input to the output layer. The model is trained to perform Gaussian noise removal

on the CelebA dataset by minimizing MSE using the Adam optimizer (Kingma and Ba, 2014). See

Mohan et al. (2019) for more details.

Measurement matrix

To find the optimal measurement matrix, we use the Adam optimizer, with the gradient computed as

above (Eq. 5.10). Due to performance considerations, we only take one sample when reconstructing

images in h(m). We used a batch size of 128, and the optimization is run for 50 epochs.
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5.3. Results

5.3.1. Principal component analysis

We can reconstruct images by projecting them into the measurement subspace: x̂ = MMTx. In

this case, the matrix M that minimizes the objective

Ep(x) ||MMTx− x||22 (5.12)

is simply the first m principal component of the data. To validate our method, we find the optimal

matrix for this linear projection problem, and compare our result with the standard PCA solution,

which is computed using the singular value decomposition (SVD).

Figure 5.1: Compare the standard PCA and optimized solutions. A) The first 64 PCs of the
CelebA dataset computed using SVD are shown as images. B) The singular values of a matrix with
m = 512, constructed by concatenating two measurement matrices with m = 256. For the orange
line, the two matrices are identical and are the first 256 PCs. For the blue line, the two matrices are
the first 256 PCs, and the optimized measurement matrix computed by our method for the linear
projection case (Eq. 5.12) respectively.

The PCs of the CelebA dataset resemble the eigenface basis (Turk and Pentland, 1991). When

visualized as images, they appear to be a sequence of face templates with increasing spatial frequency

(Fig. 5.1A). For a fixed number of measurements m, we need to confirm that the optimized matrix

span the same subspace as the first m PCs. Thus, we construct a matrix by concatenating two
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measurement matrices, one consists of the first m PCs, and the other is the optimized measurement

matrix. If the two subspaces spanned by the two matrices are the same, then only the first m

singular values of the combined matrix should be non-zero. Indeed, we found that the solution

found by our algorithm spans nearly the same subspace as the PCs (Fig. 5.1B). We suspect the

slight amount of misalignment is due to the noise in SGD.

5.3.2. Optimal measurement matrix

The PCs are the optimal solution that minimizes MSE when the input x is Gaussian distributed.

Face images, on the other hand, exhibit complex statistical regularities that are characterized by

our denoiser implicit prior. Thus, we are interested in whether it is possible to find a measurement

matrix that when combined with the prior, outperforms the PCs.

Below we show some example reconstructions for m = 2 (Fig. 5.2). Note that there are a total of

6, 000 pixels for each image, so this is an extremely small number of measurements. As expected,

the two PCs can only retain very little information about the original images (Fig. 5.2B). Simply

combining the image prior with the PCs already improved the visual quality of the reconstructed

images, and reduced the MSE (Fig. 5.2C). More importantly, optimizing the two measurement

vectors with respect to the denoiser prior further improved the quality of the reconstructions (Fig.

5.2D). And although the reconstructed images do not reflect the identities of the original ones (as

we are only taking two measurements), they have a striking resemblance to real face images. Lastly,

the decrease in MSE is almost universal across all images in our testing set (Fig. 5.3A). Thus, when

a more complex prior model is employed, the best two linear measurements are not the PCs. We

confirmed that our conclusion holds for a range of m, albeit the improvements are smaller when m

gets larger. See Fig. 5.3B for a case of m = 128.

How different are the optimal measurements compared to the PCs? In Fig. 5.4A, we visualize

the measurement vectors from an optimized matrix of m = 64. We found that each measurement

vector has a “face template” appearance, although they all roughly have a similar spatial frequency,

contrary to the PCs. We further conducted an analysis similar to that of Fig. 5.1B. We found

that the optimized measurements indeed span a distinct subspace, and measure higher frequency
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Figure 5.2: Example reconstructions for m = 2. From left to right, the columns of images are the A)
the originals; B) images projected onto the first two PCs; C) images reconstructed by combining
the first two PCs with the denoiser implicit prior; and D) images reconstructed with the linear
measurements optimized for the implicit prior. The numbers at the bottom are the MSE across the
test set (N = 100).
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Figure 5.3: Reconstruction error of single images across two measurement matrices. Scatter plots
of the sum of squared error between the original and the reconstructed images, when using the
PCs combined with the implicit prior (x-axis), and the optimized measurement matrix (y-axis). A)
Number of measurement m = 2. B) Number of measurement m = 128.

content, compared to its PC counterpart (Fig. 5.4B). Lastly, the fact that the measurements

have a coherent template appearance, and are consistent across multiple runs of our algorithm

also suggests they are not simply the random projections proposed by the compressed sensing

(CS) literature (Donoho, 2006; Davenport et al., 2012). This is consistent with previous results

(Weiss et al., 2007; Chang et al., 2009), which demonstrated that natural images do not satisfy the

strict sparsity condition assumed in CS, and thus even PCA can outperform random projections.

5.3.3. Structural similarity index measure (SSIM)

Our optimization formulation is general, which allows us to potentially generalize our approach to

other objective functions beyond minimizing MSE. In fact, it has been shown that MSE does not

correlate well with how the quality of images is perceived by human observers. SSIM is developed

as a perceptual quality metric that can better predict human judgments (Wang et al., 2004). Thus,

here we set out to search for measurement matrices that when combined with the denoiser prior,

maximize the SSIM score. Below we show some examples from a case of m = 64. Similar to
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Figure 5.4: Optimal measurements. A) The measurement vectors from the optimized matrix with
m = 64 are shown as images. B) The singular values of a matrix with m = 256, constructed by
concatenating two measurement matrices with m = 128. For the orange line, the two matrices are
identical and are the first 128 PCs. For the blue line, the two matrices are the first 128 PCs, and
the optimized matrix with respect to the denoiser implicit prior, respectively (also see Fig. 5.1).

what we have observed previously (Fig. 5.2), simply adding the denoiser prior (Fig. 5.5C) already

increases the quality of the reconstruction compared to linear projection onto the PCs (Fig. 5.5B).

Optimizing the measurement matrix with respect to SSIM provides further improvements, which

can be seen from both the visual quality of the images and the average SSIM score (Fig. 5.5D).

Same as before, we also confirmed that the improvement is nearly universal across all images in

our test set. In addition, the matrix optimized for SSIM spans a subspace distinct from both the

PCs, and the matrix optimized for MSE. Thus, we have demonstrated that our method can indeed

generalize to different objective functions.

5.4. Discussion

We developed a method for finding the optimal linear measurements that minimize the Bayesian

image reconstruction error, given a dataset of natural images. Our method takes full advantage of

the complex statistical regularities of images, characterized by a prior implicit in a CNN denoiser

(Kadkhodaie and Simoncelli, 2021). We demonstrated our method on the CelebA face dataset

(Liu et al., 2015). We found measurement matrices that span distinct subspaces compared to the

PCs, and can drastically improve the quality of the image reconstruction when combined with the
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Figure 5.5: Example reconstructions for m = 64, with the measurement matrix optimized for SSIM.
From left to right, the columns of images are the A) the originals; B) images projected onto the
first two PCs; C) images reconstructed by combining the first two PCs with the denoiser implicit
prior; and D) images reconstructed with the linear measurements optimized for the implicit prior,
with SSIM as the objective. The numbers at the bottom are the average SSIM across the test set
(N = 100).
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denoiser prior. Our method outperforms both PCA and CS methods. Further, our method can be

generalized to other loss functions such as SSIM, which better measures perceptual quality.

We can view our problem as a form of linear efficient coding: Finding the optimal linear encoding

that minimizes the estimation error, subject to the constraint that there can be only a limited num-

ber of measurements. The efficient coding framework emphasizes that the solution to this problem

depends strongly on the prior distribution of the signal p(x). By adopting the efficient coding per-

spective, we can unify our approach with both PCA and CS: When x is Gaussian distributed, the

PCs are indeed the optimal solution. On the other hand, when x exhibits certain sparsity prop-

erties, CS represents the most effective approach. Our finding that some measurement matrices

outperform both indicates that neither Gaussian nor sparse distribution is sufficient to characterize

natural face images, and the denoiser prior is in fact a better model of image statistics.

Previous work has explored combining CS with modern machine learning techniques. Bora et al.

(2017) showed that substantial performance gain can be obtained by combining random Gaussian

measurements with complex prior models defined by variational autoencoder and generative adver-

sarial networks, instead of the standard sparsity prior. Although they did not try to optimize the

measurements, this has already demonstrated the effectiveness of better prior models. Wu et al.

(2019) optimized jointly the linear measurement together with a nonlinear reconstruction network,

which eliminated the explicit optimization required when estimating the original signal. The im-

age prior in their case is implicit in the nonlinear network. The advantage of our framework is

that we can optimize the measurement matrix through a Bayesian image reconstruction procedure

(Kadkhodaie and Simoncelli, 2021), with the prior model defined separately through training a de-

noiser. This allows us to isolate and examine the effect of the linear measurements separately from

the image prior model.

As the number of measurements taken is usually smaller than the number of pixels in the images, our

problem can be considered a special case of image compression, where the encoder is constrained

to be linear, and the decoder is nonlinear. Superior performance can be achieved by allowing

a nonlinear encoder-decoder cascade to be jointly optimized (Ballé et al., 2016; Wu et al., 2019).
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However, our formalism might still be applicable if there are physical or computational constraints

on the encoding process. Relatedly, our method can also be viewed as a form of linear dimensionality

reduction. Although images are embedded in a linear measurement subspace in our method, the

impact of this is combined with the influence of the nonlinear prior. Thus, it would be intriguing

to compare our method with other nonlinear dimension reduction techniques.

Both the MSE and SSIM objectives we have explored here aim to reconstruct the original image

faithfully. As our formulation is generic, we can optimize measurements toward specific tasks, for

example, correctly identifying the face identities from the reconstructed images. In this regard,

we are interested in exploring systematically how task demands impact the optimal measurement

subspace in future work. This is closely related to accuracy maximization analysis, a linear dimen-

sionality reduction method developed for optimal estimation of latent variables from natural signals

(Burge and Jaini, 2017).

Our current model assumes the encoding process is noise-free. Our conditional sampling algorithm

can be extended to accommodate Gaussian additive noise, and thus by optimizing the measurement

matrix through such routine, we can find the optimal measurements that are more robust to noise.

We will explore this possibility in future work. Lastly, our work will also have implications for

understanding the visual system, in particular understanding the early visual encoding as optimally

measuring natural images (Zhang et al., 2022a; Roy et al., 2021; Jun et al., 2021). To do so will

require us to include more biologically realistic constraints such as the locality of the measurement.

To summarize, our method provides a powerful and unifying approach to understanding linear mea-

surements in relation to the statistical regularities of natural images, and has potential implications

for both image processing, and biological vision.
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CHAPTER 6

SUMMARY AND DISCUSSION

6.1. Summary of Contributions

Any perceptual system needs to solve the daunting challenge of representing the external world

faithfully with its limited resources, despite the vast space of possibilities. Information theory

suggests that to overcome this challenge, the system must exploit the statistical regularities of the

signal (Huffman, 1952; Barlow et al., 1961). In this thesis, I explored how this general hypothesis can

establish a quantitative connection between behavior, neural representation, and image statistics.

In Chapters 2 and 3, I demonstrate how basic stimulus statistics are reflected in the neural encoding

characteristics in terms of Fisher information. Specifically, the power-law slow speed prior accounts

for the logarithmic speed encoding observed in the MT cortex, while the uneven distribution of

orientations in natural scenes explains the anisotropic representation of orientation in the early visual

cortex. Simultaneously, the same set of stimulus priors is consistent with perceptual behavior in a

speed 2AFC task and an orientation estimation task. Lastly, I have shown preliminary behavioral

evidence that the same notion can be applied to understand adaptation as efficient coding based on

conditional stimulus distribution.

With the full characterization of stimulus distribution, one can derive the most informative sensory

encoding given appropriate constraints. I explored this direction with state-of-the-art models of

natural image statistics, and computational observers based on image reconstruction. In Chapter

4, I demonstrated how this optimal design principle could explain retinal encoding features, while

in Chapter 5, I developed optimal linear measurements that surpass traditional methods such as

PCA and CS by leveraging the complex statistical characteristics of natural images. It is worth

noting that, in Chapters 2 and 3, there is a direct link between stimulus prior and encoding through

Fisher information, whereas the Chapters 4 and 5, the prior is reflected in the encoding in a rather

implicit way. It is an intriguing future question to understand the connections between the two

approaches, and how the FI formulation can generalize to the higher dimensional, naturalistic
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settings, particularly in relationship to the prior (see Yerxa et al. (2020) for an example).

To summarize, the methods developed in this thesis establish a framework to quantitatively validate

the prediction of normative theories of sensory representation at both neural and behavioral levels.

6.2. General Discussions

6.2.1. Neural representation of prior

Throughout this thesis, I have adopted an encoding-decoding notion for the visual system. It is

highly plausible that the clear separation might not apply to the actual neural circuits. For example,

Ganguli and Simoncelli (2014) proposed that as the encoding is matched to the prior, the anisotropy

in neural representation can be taken advantage of to perform Bayesian inference with the stimulus

prior. Many groups have also proposed neural circuits with the temporal dynamics set to directly

perform inference (see e.g., Orbán et al. (2016); Haefner et al. (2016)). In these cases, as the neural

responses are representing the posterior distribution (either as families of distribution or samples),

the concept of encoding does not apply anymore in a literal sense. On the other hand, see Ma et al.

(2006); Walker et al. (2020) for examples where the likelihood and prior are explicitly represented

by distinct neural populations.

However, the advantage provided by the encoding-decoding framework is that it allows us to iso-

late the two essential components of perception of the level of computation: The representation of

information and the interpretation of that information in order to infer latent variables of the exter-

nal world. Importantly, as it is a computational-level theory, the framework itself actually does not

subscribe to a particular implementation, although it may seem to imply so. As a particularly inter-

esting example, Lange et al. (2020) demonstrated how a neural circuit set out for posterior inference

can be described by models with a separate representation of likelihood and prior. Qiu and Stocker

(2021) also showed that the same notions can be used to describe artificial neural networks that by

definition, are simply performing “decoding”.

A related issue is the exact meaning of probabilistic computation when used in the context of neu-

roscience. In the most moderate sense, as many problems faced by perception are by definition,
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ill-posed, some form of regularization (i.e., “prior”) must be required. It is a much stronger posi-

tion, however, to assert that probabilistic quantities are explicitly represented in the circuits. It is

worth noting that the Bayesian framework discussed here uses probabilistic language but does not

necessarily require implementation based on Bayes’ rule or probability theory.

6.2.2. Generality of efficient coding theory

Efficient coding hypothesizes that the goal of the sensory cortex is to maximize information trans-

mission. For the early stage of visual encoding, such as the retina, information maximization is a

reasonable objective. However, it becomes increasingly difficult to choose the correct objective. In

some sense, the ultimate goal of the brain is to produce decisions and actions that are advantageous

for survival and reproduction, not encoding information (see Brette (2019), but see Berke et al.

(2022) for an argument of why representing the external world faithfully is almost always desirable

for the other objectives).

On the theoretical side, there have been many attempts to develop theories of representation by

explicitly incorporating the behavioral objective (Wang et al., 2016b; Park and Pillow, 2017), in-

cluding Chapter 5 of this thesis. Empirically, it has been shown that the concept of efficient represen-

tation can be expanded to include task variables (Koay et al., 2022) and state space (Tomov et al.,

2020). Still, ultimately a goal needs to be assumed for neural populations to apply the normative

theories, although the assumption could be proven inaccurate (Musall et al., 2019).

One potential solution is to combine the normative approach with data-driven methods that can

generate these initial hypotheses from large-scale data of behavior and neural activities. Especially in

the context of complex, naturalistic behavior, these methods can identify behavioral objectives that

are not obvious from the experimenter’s perspective (see e.g. Johnson et al. (2020); Ashwood et al.

(2022)). Thus, the combination of purely normative theories and data-driven methods that can

infer biological variables has the potential to further advance our understanding of how the brain

supports adaptive behavior.
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APPENDIX A

SUPPLEMENTARY FIGURES FOR CHAPTER 3
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Figure A.1: Estimation bias and normalized Fisher Information (FI) for individual subjects. In each
panel, the left column shows the orientation estimates as a function of the target orientation made
by an individual subject. The solid line is the bias of the average estimate, computed using a sliding
window. The right column shows the normalized FI as a function of orientation, computed from
the response data. The three rows correspond to the baseline (noise surround), and two oriented
surround conditions, respectively. See Fig. 3.1 for the same plot for the combined subject.
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APPENDIX B

SUPPLEMENTARY FIGURES FOR CHAPTER 4
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Figure B.1: Factors that contribute to optimal S Cone proportion. Average reconstruction error as
a function of S-cone proportion, computed as RSS of pixel values for the R- (left), G- (middle), and
B-planes (right) respectively. Under typical conditions (red), a low S-cone ratio is optimal for all
three planes. Removing lens pigment and macular pigment from the simulations (blue) increases
the SNR of the S cones by increasing their average quantum catch, but has little effect on the
optimal S-cone proportion for any of the image planes. Correcting chromatic aberration (green)
while retaining lens pigment and macular pigment greatly improves the information provided by
the S cones for the B-plane, but not for the R- and G- planes. Error bars indicate ± 1 SEM.
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Figure B.2: Effect of the allocation of retinal cone types on reconstruction of hyperspectral im-
ages. Average reconstruction error as a function of L-cone proportion (top) and S-cone proportion
(bottom), computed as RSS of pixel values over space and wavelength, for a set of evaluation hy-
perspectral images of size of 18*18 and 15 uniform wavelength sample between 420 nm and 700
nm (see Methods). Error bars indicate ± 1 SEM. The results corroborated our main conclusion
obtained with RGB images, shown in Fig. 4.4.
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Figure B.3: Effect of spatial and chromatic correlation on the optimal allocation of photoreceptors.
Same as Fig. 4.5 but with matched y-axis to highlight the overall magnitude of errors across the
different conditions. Average image reconstruction error from a half-degree square foveal mosaic
on different sets of synthetic images, computed as root sum of squares (RSS) distance in the RGB
pixel space, as a function of %L cone (L:M cone ratio) of the mosaic The shaded areas represent
%L values that correspond to RSS values within a +0.1 RSS margin from the optimal (minimum
RSS) point.
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Figure B.4: Reconstruction with a weak prior across SNR levels. Image reconstructions for a set
of example images in the evaluation set from 1-degree, foveal A) normal trichromatic and B)
deuteranomalous trichromatic mosaics at five different overall light intensity levels that lead to
different Poisson signal-to-noise ratios in the cone excitations. Same as Fig. 4.7, but to highlight
the effect of noise and prior, the prior weight was set to a much lower level (λ = 0.001) than the
optimal value (λ = 0.05).
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Figure B.5: Optics and cone mosaic at different retinal eccentricities. Enlarged view of the top
panels of Fig. 4.8. The coordinates at the top of each pair indicate the horizontal and vertical
eccentricity of the retinal patch. The left image of each pair shows a contour plot of the point-
spread function relative to an expanded view of the cone mosaic, while the right image of each pair
shows the full 1-degree mosaic used in the simulation.
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Figure B.6: Reconstruction error at different visual eccentricities. Average image reconstruction
error, computed as RSS of pixel values for both the RGB images (left y-axis), and corresponding
grayscale images to measure the spatial error, define as the first PC based on a PCA analysis of
our image dataset (0.57R + 0.59G + 0.56B), right y-axis), as a function of the visual eccentricity
location of a 1-deg retinal mosaic. Error bars indicate ± 1 SEM.
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Figure B.7: Image reconstruction with different point spread functions. A) Image reconstructions
for a set of example images in the evaluation set from 1-degree patches of mosaic at (10, 10) degree
eccentricity, but with PSFs sampled from different visual eccentricities as indicated by the top
panel. B) The average differential reconstruction error (i.e., difference in RSS compared to the
lowest value obtained among the simulations) as a function of the eccentricity of the PSFs used.
Error bars represent ± 1 SEM. To separate the spatial and chromatic error, we perform a PCA
analysis on the RGB images. The RSS along the first PC (0.57R + 0.59G + 0.56B) corresponds
to the spatial error (left axis), while the RSS along the second and third PCs (0.76R − 0.13G −
0.64B;−0.31R+0.80G− 0.52B) quantify the chromatic error (right axis). With the range of PSFs
in our simulation, the minimal spatial error is obtained with the PSF at (10, 10) deg (i.e., the PSF
that matched to the mosaic), and the minimal chromatic error is obtained with the largest PSF,
corresponding to (18, 18) deg.
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Original
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Figure B.8: Image reconstruction at peripheral eccentricities with Maximum Likelihood Estimation
(MLE). Image reconstructions obtained using maximum likelihood estimation for a few example
images in the evaluation set from 1-degree patches of mosaic at different retinal eccentricities, as
indicated at the top of each column. Note that simulation of cone excitation noise is turned off
for these reconstructions. Note also that the MLE reconstructions are not unique (see Fig. 4.3).
The MLE reconstructions shown here were chosen arbitrarily as the ones converged upon by our
particular numerical search algorithm.
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Figure B.9: Reconstruction of chromatic grating stimuli with/without optical aberrations. Image
reconstruction of chromatic grating stimuli with increasing spatial frequency from A) a 0.2-deg
foveal mosaic and B) a 1-deg peripheral mosaic at (18, 18) degrees retinal eccentricity with full
optical aberrations (left columns) and with diffraction-limited optics (right columns). The top left
images show a contour plot of the point-spread function relative to an expanded view of the cone
mosaic, while the top right images show the full mosaic. Images were modulations of the red channel
of the simulated monitor, to mimic the 633 nm laser used in the interferometric experiments. The
exact frequency of the stimuli being used for each condition is as denoted in the figure. Note that
the mottle observed in the reconstructions with full optical aberrations at high spatial frequencies
match the reconstruction of a uniform field of saturated red stimulus.
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Figure B.10: Reconstruction of achromatic grating stimuli with/without optical aberrations. Image
reconstruction of achromatic grating stimuli with increasing spatial frequency from A) a 0.2-deg
foveal mosaic and B) a 1-deg peripheral mosaic at (18, 18) degrees retinal eccentricity with full
optical aberrations (left columns) and with diffraction-limited optics (right columns). The top left
images show a contour plot of the point-spread function relative to an expanded view of the cone
mosaic, while the top right images show the full mosaic. The exact frequency of the stimuli being
used for each condition is as denoted in the figure. The reconstruction shows similar spatial aliasing
as in Fig. 4.9 and Fig. A.9, but shows an additional pattern of chromatic aliasing that arises because
of the interleaved sampling by a mosaic of different cone types (Williams et al., 1991; Brainard et al.,
2008). Whether such chromatic aliasing would actually be observed if a subject viewed achromatic
gratings under diffraction-limited conditions is to our knowledge, an open question.
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Figure B.11: Contrast sensitivity function of an MLE reconstruction observer. Contrast sensitivity,
defined as the inverse of threshold contrast, for an image reconstruction-based observer without the
prior term (λ = 0) as a function of the spatial frequency of stimulus in either L+M direction (black)
and L-M direction (red) with equal RMS cone contrast. Note that the MLE reconstructions are
not unique (Fig. 4.3). In the computations whose results are shown here, the MLE reconstructions
were chosen arbitrarily as the ones converged upon by our particular numerical search algorithm.
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